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Abstract. This is the first of two articles, in which we prove a sharp L p -L 2 Fourier 
restriction theorem for a large class of smooth, finite type hypersurfaces in R 3 , which 
includes in particular all real-analytic hypersurfaces. 
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1. Introduction 

Let S be a smooth, finite type hypersurface in IR 3 with Riemannian surface measure 
da, and consider the compactly supported measure dfi := pda on S, where < p G 
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Cq°(S). The goal of this article is to determine, possibly with the exception of the 
endpoint, the sharp range of exponents p for which a Fourier restriction estimate 

(i-i) ( L 1 ^ 2 dfi ) 1/2 - ^ ||/||lp ( r3 )' f g 5(r3) ' 

holds true. To this end, we may localize to a sufficiently small neighborhoods of a given 
point x° on S. Observe also that if estimate (1.1) holds for the hypersurface S, then it 
is valid also for every affine-linear image of S, possibly with a different constant if the 
Jacobian of this map is not one. By applying a suitable Euclidean motion of R 3 we 
may then assume that x° = (0, 0, 0), and that S is the graph 

S = {(x 1 ,X2,<fr(x 1 ,x 2 )) : (x 1 ,x 2 ) E ft}, 

of a smooth function defined on a sufficiently small neighborhood Q of the origin, 
such that 0(0, 0) = 0, V0(O, 0) = 0. 

In our preceding article [14], this problem had been solved, in terms of Newton 
diagrams associated to 0, under the assumption that there exists a linear coordinate 
system which is adapted to the function 0, in the sense of Varchenko. More precisely, 
if denote by /i(0) the height of 0, in the sense of Varchenko, then we had proved the 
following result: 

Theorem 1.1. Assume that, after applying a suitable linear change of coordinates, the 
coordinates (x\,X2) are adapted to 0. We then define the critical exponent p c by 

(1.2) p' c :=2h{<j>) + 2, 

where p' denotes the exponent conjugate to p, i.e., l/p + 1/p' = 1. 

Then there exists a neighborhood U C S of the point x° such that for every non- 
negative density p e C^°(U) the Fourier restriction estimate (1.1) holds true for every 
p such that 

(1.3) 1<P<P C . 

Moreover, if p(x°) ^ 0, then the condition (1.3) on p is also necessary for the validity 
of (1.1). 

From now on, we shall therefore always make the following 
Assumption 1.2. There is no linear coordinate system which is adapted to 0. 

In order to formulate our main result, we need more notation. We shall build on the 
results and technics developed in [12] and [13], which will be our main references, also 
for references to earlier and related work. Let us first recall some basic notions from 
[12], which essentially go back to Arnol'd (cf. [2], [3]) and his school, most notably 
Varchenko [24]. 

If is given as before, consider the associated Taylor series 

oo 

<f>(Xi,X 2 )~ C ai,c*2 X T X 2 2 

011,02=0 
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of centered at the origin. The set 

T(0) := {( ai ,a 2 ) G N 2 : c ai , Q2 = —L^df 0(0, 0) ^ 0} 

will be called the Taylor support of at (0, 0). We shall always assume that 

T(0) ^ 0, 

i.e., that the function is of finite type at the origin. The Newton polyhedron W(0) 
of at the origin is defined to be the convex hull of the union of all the quadrants 
(cti,a 2 ) + in M 2 , with (ai,a 2 ) G T(0). The associated Newton diagram A/"d(0) in 
the sense of Varchenko [24] is the union of all compact faces of the Newton polyhedron; 
here, by a face, we shall mean an edge or a vertex. 

We shall use coordinates (£1,^2) for points in the plane containing the Newton poly- 
hedron, in order to distinguish this plane from the {xi 1 x 2 ) - plane. 

The Newton distance, or shorter distance d = d(4>) between the Newton polyhedron 
and the origin in the sense of Varchenko is given by the coordinate d of the point (d, d) 
at which the bi-sectrix t\ = t 2 intersects the boundary of the Newton polyhedron. 

The principal face 7r(0) of the Newton polyhedron of is the face of minimal dimen- 
sion containing the point (d,d). Deviating from the notation in [24], we shall call the 
series 

(ai,a2)G7r(</>) 

the principal part of 0. In case that vr(0) is compact, pr is a mixed homogeneous 
polynomial; otherwise, we shall consider pr as a formal power series. 

Note that the distance between the Newton polyhedron and the origin depends on 
the chosen local coordinate system in which is expressed. By a local coordinate system 
at the origin we shall mean a smooth coordinate system defined near the origin which 
preserves 0. The height of the smooth function is defined by 

h{4>) := sup{d y }, 

where the supremum is taken over all local coordinate systems y = (2/1,2/2) at the 
origin, and where d y is the distance between the Newton polyhedron and the origin in 
the coordinates y. 

A given coordinate system x is said to be adapted to if h(4>) = d x . 

In [12] we proved that one can always find an adapted local coordinate system in two 
dimensions, thus generalizing the fundamental work by Varchenko [24] who worked in 
the setting of real-analytic functions (see also [17]). 

Recall also that if the principal face of the Newton polyhedron M{<p) is a compact 
edge, then it lies on a unique "principal line" 

L := {(ti,t 2 ) G M 2 : Mi + M2 = 1}, 

with Ki, k 2 > 0. By permuting the coordinates x± and x 2 , if necessary, we shall always 
assume that k± < k 2 . The weight k = (ki,k 2 ) will be called the principal weight 
associated to 0. It induces dilations 5 r (xi,x 2 ) := (r Kl xi, r K2 x 2 ), r > 0, on M 2 , so that 
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the principal part pr of <p is k- homogeneous of degree one with respect to these 
dilations, i.e., pr (S r (xi, x 2 )) = r(f) pT (xi,X2) for every r > 0, and 

(1.4) d= = -*-. 

Kl + K 2 |ac| 

More generally, if k = (ki,K2) is any weight with < n± < K2 such that the line 
L K := {(ti, ^2) £ : + ^2^2 = 1} is a supporting line to the Newton polyhedron 
7V(0) of 4>, then the K-principal part of 

0k(2'1) ^2) := ^ C Q , ljQ , 2 X 1 X 2 

(oi,02)GL fs 

is a non-trivial polynomial which is K-homogeneous of degree 1 with respect to the 
dilations associated to this weight as before. By definition, we then have 

4>(xi, 22) = (pK,(xi, £2) + terms of higher K-degree 

Adaptedness of a given coordinate system can be verified by means of the following 
criterion (see [12]): Denote by 

m(0 pr ) := ord 5 i0p r 

the maximal order of vanishing of pr along the unit circle S 1 centered at the origin. 
The homogeneous distance of a K-homogeneous polynomial P (such as P = </> pr ) is 
given by dh(P) := l/(^i + ^2) = 1/N- Notice that (dh(P) , dh(P)) is just the point of 
intersection of the line given by Kiti + ^2^2 = 1 with the bi-sectrix t\ = ^2- The height 
of P can the be computed by means of the formula 

(1.5) h(P) = max{m(P), d h (P)}. 

According to [12], Corollary 4.3 and Corollary 2.3, the coordinates x are adapted to 
cj) if and only if one of the following conditions is satisfied: 

(a) The principal face 7r(0) of the Newton polyhedron is a compact edge, and m(0 pr ) < 

d{<j>). 

(b) 7r(0) is a vertex. 

(c) 7r(</>) is an unbounded edge. 

We like to mention that in case (a) we have h(<f)) = h(<fi pT ) = c4,(</> pr ). Notice also 
that (a) applies whenever 7r(0) is a compact edge and ^2/^1 ^ N; in this case we even 
have m(0 pr ) < d{<j>) (cf. [12], Corollary 2.3). 

In the case where the coordinates (xi,:^) are not adapted to 0, we see that the 
principal face 7r(0) is a compact edge lying on a unique line 

L = {(h,t 2 ) G K 2 : + n 2 t 2 = 1}, 

and that m := k 2 /ki £ N. Now, if k 2 /k\ = 1, then a linear change of coordinates of 
the form yi = x±, y 2 = X2 — biX\ will transform <fi into a function <p for which, by our 
assumption, the coordinates (1/1,1/2) are still not adapted (cf. [12]). Replacing <f> by (p, 
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Figure 1 . Edges and weights 

it is also immediate that estimate (1.1) will hold for the graph of if and only if it 
holds for the graph of 0. Replacing by 0, we may and shall therefore always assume 
that our original coordinate system (xi,X2) is chosen so that 

(1.6) m = k 2 / 1 k-i £ N and m > 2. 

Such a linear coordinate system will be called linearly adapted to (see Section 3 for 
a more comprehensive discussion of this notion). 

Then, by Theorem 5.1 in [12], there exists a smooth real- valued function if; (which 
we may choose as the so-called principal root jet of 0) of the form 

(1.7) Vfai) = cx? + 0« +1 ) 

with c ^ defined on a neighborhood of the origin such that an adapted coordinate 
system (1/1,1/2) for is given locally near the origin by means of the (in general non- 
linear) shear 

(1.8) yi := xx, y 2 := x 2 - ip(xi) ■ 
In these coordinates, is given by 

(1.9) <P a (y)-= 0(2/1,2/2 + ^1)). 

We remark that such an adapted coordinate system can be constructed by means of 
an algorithm which goes back Varchenko [24] in the case of real-analytic (see [12]). 

Let us then denote the vertices of the Newton polyhedron M{(j) a ) by (Ai,Bi), I = 
0,...,n, where we assume that they are ordered so that Ai_\ < Ai, I = l,...,n, 
with associated compact edges given by the intervals 7; := [(Aj_i, (Ai,B{)],l = 

1, . . .,n. The unbounded horizontal edge with left endpoint (A n ,B n ) will be denoted 
by 7„+i. To each of these edges 7;, we associate the weight k 1 = (k[, k 2 ), so that 7; is 
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contained in the line 

U ■= {(ti,t 2 ) G R 2 : 4*1 + 4*2 = 1}- 
For I = n+ 1, we have := 0, 4 +1 = l/B n . We denote by 

4 ; 1 

ai:= —r, I = 1, . . . ,n 

4 

the reciprocal of the slope of the line L\. For I — n + 1, we formally set a n+ i := oo. 

If Z < n, the /^-principal part <f) K i of corresponding to the supporting line Li is of 
the form 

(1.10) <j> K i[x) = Qxf^X*' J] (x 2 - cfx^'Y" 

a 

(cf. [13]). In view of this identity, we shall say that the edge 7; := £>n), (A h B{)] 

is associated to the cluster of roots [/] . 
Consider the line parallel to the bi-sectrix 

A (m) := {(t,t + m+ 1) : t G R}. 

For any edge 7; C Li := {(ti,t 2 ) G R 2 : n\t\ + 4*2 = 1} define hi by 

A (m) nL i = {(^-m,^ + l)}, 

i.e., 

1 + m4 — K 2 



1.11 /ii 



and define the restriction height, or short, r-height, of by 

/i r (0) := max(d, max ^). 

{Z=l,...,n+l:a;>m} 

Remarks 1.3. (a) For L in place of Li and k in place of k!, one has m = k 2 /k\ 
and d = l/(«i + k 2 ), so that one gets d in place of hi in (1.11) 
(b) Since m < aj, we have hi < 1/(4 + 4)> hence h r (4>) < h((f>). 

It is easy to see by Remark 1.3 (a) that the r-height admits the following geometric 
interpretation: 

By following Varchenko's algorithm (cf. Subsection 8.2 of [13]), one realizes that 
the Newton polyhedron of <ft a intersects the line L of the Newton polyhedron of <fi in 
a compact face, either in a single vertex, or a compact edge. I.e., the intersection 
contains at least one and at most two vertices of a , and we choose (Ai _i, Bi _i) as 
the one with smallest second coordinate. Then l is the smallest index I such that 7^ 
has a slope smaller than the slope of L, i.e., a; __i < m < a/ We may thus consider the 
"augmented" Newton polyhedron J\f r ((ft a ) of a , which is the convex hull of the union 
of J\f{(f) a ) with the half-line L + C L with right endpoint (Aj _i, B h ^). Then h r (4>) + 1 
is the second coordinate of the point at which the line A^ m ^ intersects the boundary of 
M r {(j) a ). 
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Figure 2. r- height 



Theorem 1.4. Let (ft ^ be real analytic, and assume that there is no linear coordinate 
system adapted to <fi. Then there exists a neighborhood U C S of x° = such that for 
every non-negative density p G C£°(U), the Fourier restriction estimate (1.1) holds 
true for every p > 1 such that p' > p' c := 2h r ((f)) + 2. 

Remarks 1.5. (a) An application of Greenleaf's result would imply, at best, that 
the condition p' > 2h((p) + 2 is sufficient for (1.1) to hold, which is a strictly 
stronger condition than p' > p' c . 

(b) A. Seeger recently informed us that in a preprint, which regretfully had remained 
unpublished, Schulz [21] had already observed this kind of phenomenon for par- 
ticular examples of surfaces of revolution. 

(c) It can be shown that the number m is well-defined, i.e., it does not depend on 
the chosen linearly adapted coordinate system x (cf. Proposition 2.1). 

Example 1.6. 

4>{x 1 ,x 2 ) := {x 2 - x r { l ) n , n,m>2. 

The coordinates (xi,X2) are not adapted. Adapted coordinates are y\ := x\,yi := 
X2 — x™, in which is given by 

<P a (yi,y2)=yl 

Here 

1 1 

mn n 



and 



P'c 



K\ + K 2 171+ 1 

2d + 2, ifn<m + l, 
2n, if n > m + 1 . 
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On the other hand, h := h(<ft) = n, so that 2h + 2 = 2n + 2 > p' c . 

An analogous theorem holds true even for smooth, finite type functions 0, under an 
additional condition which, however, is always satisfied when is real-analytic. To 
state this more general result, and in order to prepare a more invariant description of 
the notion of r-height, we need to introduce more notation. Again, we shall assume 
that the coordinates (xi,x 2 ) are linearly adapted to 0. 

Definitions. Denote by R± := {x\ E R : ±x x > 0} and by H ± := R x R± the 
corresponding right, respectively left half-plane. 

We say that a function / = f(xi) defined in U HR+ (respectively U flR_), where U 
is an open neighborhood of the origin, is fractionally smooth, if there exist a smooth 
function g on U and a positive integer q such that f(x{) = g^xi] 1 ^) for x\ E U D R + 
(respectively x\ E U DR_). Moreover, we shall say that a fractionally smooth function 
/ is flat, if f(xi) = 0(\x\\ N ) for every N E N. Two smooth functions / and g defined 
on a neighborhood of the origin will be called equivalent, and we shall write / ~ g, if 
/ — g is flat. Finally, a fractional shear in if ± will be a change of coordinates of the 
form 

Vi ■= xi, y 2 := x 2 - f(xi), 
where / is real- valued and fractionally smooth, but not flat. If we express the smooth 
function on, say, the half-plane H + , as a function of y = (2/1,2/2), the resulting 
function (f>f(y) = (j>(yi,y2 + f(Vi)) wiU i n general no longer be smooth at the origin, 
but "fractionally smooth". 

For such functions, there are straight-forward generalizations of the notions of Newton- 
polyhedron, etc.. Namely, following [13], and assuming without loss of generality that 
we are in H + where x\ > 0, let be a function of the variables x^ q and x 2 near the ori- 
gin, i.e., there exists a smooth function <fi™ near the origin such that 0(x) = (j)W(x{ /q ,x 2 ) 
(more generally, we could assume that is a smooth function of the variables x 1 / 9 and 
x^ p , where p and q are positive integers, but we won't need this generality here). Such 
functions will also be called fractionally smooth. If the Taylor series of 0^ is given 
by 

00 

4> [q] (xi,x 2 ) ~ 22 c *i,*2 x T x 2 2 , 

ai,Q2— 

then has the formal Puiseux series expansion 

00 

0(Xi,X 2 )~ Y2 C a 1)a2 Xi l/q X2 2 . 
011 ,02=0 

We therefore define the Taylor- Puiseux support, or shorter, Taylor- support of by 

T(0) :={(f,a 2 )EN 2 q :c ai , a2 ^0}, 

where N 2 := (-N) x N. The Newton-Puiseux polyhedron (shorter: Newton polyhedron) 
M{4>) of at the origin is then defined to be the convex hull of the union of all the 
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quadrants (a\/q, a 2 ) + in R 2 , with (cn/g,a2) G T(0), and other notions, such as 
the notion of principal face, Newton distance or homogenous distance, are defined in 
analogy with our previous definitions for smooth functions <fi. 

Now, if f{xi) has the formal Puiseux series expansion (say for x\ > 0) 

f( x i) ~^2°j x 7\ 

with non-zero coefficients Cj and exponents rrij which are growing with j and are all 
multiples of 1/q, we isolate the leading exponent m and choose the weight k* so that 
K l/ K i = m o an d such that the line 

L f := {(h,t 2 ) G R 2 : refo + 4h = 1} 

is a supporting line to M{4>^). We can then define the augmented Newton polyhedron 
M r {<p ) in the same way as we defined 7V r (0 a ), replacing the exponent m by mo and 
the line L by Z/ , and define, in analogy with h r (4>), the r-height h^((j)) associated to 
/ by requiring that h^((j)) + 1 is the second coordinate of the point at which the line 
A'" 10 ' intersects the boundary of J\f r ((j)f). Again, it is easy to see that 

(1.12) h f (<j)) = max(d f , max h{), 

{l:ai>m } 

where (d? , d^) is the point of intersection of the line U with the bi-sectrix, and where 
h{ is associated to the edge 7/ of M{4>^) by the analogue of formula (1.11), i.e., 

(Lis, ^ 1+ ;:lr 4 

if 7; is again contained in the line Li defined by the weight k 1 . 

Finally, let us say that a fractionally smooth function f(xi) agrees with the principal 
root jet i/j(xi) up to terms of higher order, if the following holds: if ip is not a polynomial, 
then / ~ ip, and if ip is polynomial of degree D, then the leading exponent in the formal 
Puiseux expansion of / — ip is strictly bigger than D. 

We can now formulate the condition that we need when is non-analytic. 

Condition (R). For every fractionally smooth, real function f(x\) which agrees 
with the principal root jet ip{x\) up to terms of higher order, the following holds true: 

If B G N is maximal such that Af(<fif) C {(^1,^2) : £2 > B}, then factors as 
<f)(xi,X2) = (22 — f(xi)) B (fi(xi, X2), where / ~ / and where <p is fractionally smooth. 

Clearly, Condition (R) is satisfied if is real-analytic. 

Theorem 1.7. Let <fi be smooth and of finite type, and assume that the coordinates 
(xi,x 2 ) are linearly adapted to <p, but not adapted, and that Condition (R) is satisfied. 

Then there exists a neighborhood U C S of x° = such that for every non-negative 
density p G C^(U), the Fourier restriction estimate (1.1) holds true for every p > 1 
such that p' >p' c := 2h r (<p) + 2. 
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This theorem is sharp in the following sense: 

Theorem 1.8. Let <p be smooth of finite type, and assume that the Fourier restriction 
estimate (1.1) holds true in a neighborhood of x . Then, if p(x°) ^ 0, necessarily 

P' > P'c- 

Finally, we can also give a more invariant description of the notion of r- height, which 
conceptually resembles more closely Varchenko's definition of the notion of height, only 
that we restrict the admissible changes of coordinates to the class of fractional shears 
in the half-planes H + and H~ . Assume again that the coordinates (xi,^) are linearly 
adapted to 4>, and let 

(1.14) ~h r {<j)) := suph f ((j)), 

f 

where the supremum is taken over all non-flat fractionally smooth, real functions f(x\) 
of Xi > (corresponding to a fractional shear in H + ) or of X\ < (corresponding to a 
fractional shear in H~). Then obviously 

(1.15) /> r (0) < h r (</,), 
but in fact there is equality: 

Proposition 1.9. Assume that the coordinates (xi,^) are linearly adapted to <p, where 
<f> is smooth and of finite type and satisfies 0(0,0) = 0, V0(O, 0) = 0. 

(a) If the coordinates (xi,X2) are not adapted to <fi, then for every non-flat fraction- 
ally smooth, real function f{x\) and the corresponding fractional shear in H + 
respectively H~ , we have h* (<f>) < h r (<f)). Consequently, h r (<j)) = h r (<f)). 

(b) If the coordinates (xi,x 2 ) are adapted to (j), then h r ((p) = d(<f)) = h(<f). 

In particular, the critical exponent for the restriction estimate (1.1) is in all cases given 
by p' c := 2~h r {<f)) + 2. 

Organization of the article: Before we turn to the proof of Theorem 1.7, we shall 
first clarify the notion of linearly adapted coordinates in Section 2. 

Moreover, as in the preceding papers [13], [14], assuming that the coordinates x are 
linearly adapted, it will be natural to distinguish the cases where d{<f>) < 2 and where 
d{4>) > 2, since, in contrast to the first case, in the latter case in many situations a 
reduction to estimates for one-dimensional oscillatory integrals will be possible, which 
in return can be performed by means of van der Corput's lemma ([22]), respectively 
the van der Corput type Lemma 2.2. The latter result will be stated too in Section 2. 

Our discussion of the case where d(<f>) < 2 will rely on certain normal forms to which 
<j) can be transformed by means of a linear change of coordinates. These will be derived 
in Section 3. 

Next, in Section 4, as a first step in the proof of Theorem 1.7 we shall show that 
one may reduce the restriction estimate to the piece of surface which lies above a small 
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"conic " neighborhood of the principal root jet ip. This step works in all cases, no 
matter what the value of d((f>) is. 

Sections 5 and 6 will be devoted to the proof of Theorem 1.7 in the case where d(4>) < 
2. Some of the main tools will consist of various kinds of dyadic domain decompositions 
in combination with Littlewood-Paley theory and re-scaling arguments, and additional 
dyadic decompositions in frequency space. It turns out that the particular case where 
m = 2 in (1.6), (1.7) requires a more refined analysis than the case m > 3. Indeed, in 
this case, it turns out that further dyadic decompositions with respect to the distance 
to a certain "Airy cone" are needed. This particular case will be discussed in Section 
6 . 

Sections 7-10 will deal with the case where d(<f>) > 2. It is natural to decompose 
the surface S according to the "root structure" of the function 0, which in return is 
reflected by properties of the Newton diagram associated to <p a (cf. [16], [13] and [14]. 
More precisely, we shall decompose the domain Q into certain domains Di, which are 
homogeneous in adapted coordinates, and intermediate "transition" domains Ei, and 
consider the corresponding decomposition of the surface S. The particular domain Di 
which contains the principal root jet x<i = if>(xi) will be called D pT . It is this domain 
whose discussion will require the most refined arguments. All this is described in 
Section 7. Next, in Section 8, we estimate the contribution of the transition domains 
Ei to the restriction problem. It turns out that this works whenever d(<p) > 2. Similarly, 
in Section 9 we can also treat the contributions by the domains D\ different from D pi 
whenever d((f>) > 2. 

What remains is the domain D pT . The contribution by this domain is studied in 
Section 10, by means of a certain domain decomposition algorithm, which, roughly 
speaking, reflects the "fine splitting" of roots of d 2 (fi a . In this discussion, various cases 
arise, and there is one case in which we may fibre the corresponding piece of surface into 
a family of curves with non-vanishing torsion, so that we can apply Drury's restriction 
theorem for curves [7]. However, it turns out that this requires that d{4>) > 5. 

What remains open at this stage is the proof of Proposition 4.3 in the case where 2 < 
^nn(0) < 5. The discussion of this case requires substantially more refined techniques 
and interpolation arguments, and will be the content of [15]. 

Finally, in Section 11, we shall employ a Knapp-type argument in order to show that 
the condition p' > p' c is necessary in Theorem 1.7, and conclude the article with a proof 
of Proposition 1.9. 

2. Preliminaries: Linear height, van der Corput type estimates 

In analogy with Varchenko's notion of height , let us introduce the notion of linear 
height of 0, which measures the upper limit of all Newton distances of <fi in linear 
coordinate systems: 



/iiin(^) := sup{d(0 oT):T e GL(2, R)}. 
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Note that 



d{<j>) < h lin {4>) < h{<f>). 



We also say that a linear coordinate system y = (2/1,2/2) is linearly adapted to 0, if 
d y = hii a ((f>). Clearly, if there is a linear coordinate system which is adapted to 0, it is 
in particular linearly adapted to 0. The following proposition gives a characterization 
of linearly adapted coordinates under the complementary Assumption 1.2. 

Proposition 2.1. If <p satisfies Assumption 1.2, and if <p = <p{x), then the following 
are equivalent: 

(a) The coordinates x are linearly adapted to 0. 

(b) If the principal face 7r(0) is contained in the line 



then either K2/K1 > 2 or K\/k2 > 2. 

Moreover, in all linearly adapted coordinates x for which K2/K1 > 1, the principal 
face of the Newton polyhedron is the same, so that in particular the number m := K2/K1 
does not depend on the choice of the linearly adapted coordinate system. 

This result shows in particular that linearly adapted coordinates always exist under 
Assumption 1.2, since either the original coordinates for are already linearly adapted, 
or we arrive at such coordinates after applying the first step in Varchenko's algorithm 
(when K2/ Ki — 1 in the original coordinates). 

Proof. In order to prove that (a) implies (b), assume that d x := d(<f) = h\i n (<fi)- By 
interchanging the coordinates X\ and X2, if necessary, we may assume that K%j K\ > 1, 
where we recall that K2I K\ G N. Now, if we had K2/K1 = 1, then, by Varchenko's 
algorithm, there would exist a linear change of coordinates of the form yi = xi,y 2 = 
X2 — cxi so that d y > d x — d, which would contradict the maximality of d x . Thus, 
necessarily k^/^i > 2. 

Conversely, assume without loss of generality that K2I K\ > 2. Consider any matrix 

^ = f c d J ^ GL(2,M), and the corresponding linear coordinates y given by 

xi = ayx + by 2 , x 2 = cy x + dy 2 . 

To prove (a), we have to show that d y < d x for all such matrices T. 
1. Case, a ^ 0. Then we may factorize T = T1T2, where 



We first consider T 2 . Since pr (T 2 y) = 4> K (yi + ^2/2,2/2), where 2/2 is K-homogenous of 
degree k 2 > «i, where K\ is the K-degree of 2/1, we see that the K-principal part of 0oT 2 
is given by (0 o T 2 ) K = K , so that o T 2 and have the same principal face, and in 
particular the same Newton distance. This shows that we may assume without loss of 
generality that 6 = 0. Then necessarily d ^ 0. But then our change of coordinates is 



L = {(ti,h) G M 2 : ki*i + K 2 t 2 = 1}, 
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of the type x\ = ayi, x 2 = cy\ + dy 2 considered in Lemma 3.2 of [12], so that this 
lemma implies that d y < d x . Indeed, one finds more precisely that d y < d x , if c ^ 0, 
and d y = d x otherwise. 

2. Case, a — 0, d — 0. Since separate scalings of the coordinates have no effect on 
the Newton polyhedra, T then essentially interchanges the roles of x\ and x 2 , i.e., the 
Newton polyhedron is reflected at the bi-sectrix under this coordinate change. This 
shows that here d y = d x . 

3. Case, a = 0, d ^ 0. Then we may factorize T — ( ^ , ] = T1T2, where 



We have seen in the previous cases that both T\ and T 2 do not change the Newton 
distance, and thus here d y = d x . This concludes the proof of the first part of Proposition 



Assume finally that x and y are two linearly adapted coordinate systems for 0, for 
which the corresponding principal weights k and k' satisfy K2/K1 > 1 and k 2 /k[ > 1, 
respectively. Choose T e GL(2,M) such that x = Ty. 

Inspecting the three cases from the previous argument, we see that in Case 1 the 
mapping T 2 does not change the principal face, and that necessarily c = 0, since 
otherwise we had d y < d x . But then also T\ does not change the principal face. Case 2 
cannot arise here, since we assume that both k 2 /ki > 1 and k' 2 /k[ > 1, and similarly 
Case 3 cannot apply. This proves also the second statement in the proposition. 



We recall the following "van der Corput type lemma", which is a (not completely 
straight-forward) consequence of the classical van der Corput lemma (see, e.g., [22]) 
and whose formulation goes back to J. E. Bjork (see [6]) and G. I. Arhipov [1]). 

Lemma 2.2. Assume that f is a smooth real valued function defined on an interval 
/cl which is of polynomial type M > 2 (M G N), i.e., there are positive constants 
ci, c 2 > such that 




2.1. 



Q.E.D. 



M 




\f ( s )\ < c 2 for every s G /. 



Then for A el, 




where the constant C depends only on the constants c\ and c 2 . 
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3. Normal forms of under linear coordinate changes when h hn < 2 



In this section we shall provide normal forms of the functions under linear coor- 
dinate changes when h\ iQ < 2. This extends Siersma's work on analytic functions [19] 
to the smooth, finite type case. The designation of the type of singularity that we 
list below corresponds to Arnol'd's classification of singularities in the case of analytic 
functions (cf. [3] and [8]), i.e., in the analytic case, non- linear analytic changes of 
coordinates would allow to further reduce to Arnol'd's normal forms. 

Proposition 3.1. Assume that /iii n (0) < 2, where satisfies Assumption 1.2. 

Then, after applying a suitable linear change of coordinates, can be written in the 
following form on a sufficiently small neighborhood of the origin: 



(3.1) (j)(xi,x 2 ) = b(x 1 ,x 2 )(x 2 - 4>{xi)) 2 + & (>i), 

where b, bo and ip are smooth functions, and where ip(x\) = cx™ + 0(x™ +1 ), with 
and m > 2. Moreover, we can distinguish two cases: 

Case a. 6(0, 0) ^ 0. Then either 

(i) bo is flat, (singularity of type Aoo) 
or 

(ii) bo(xi) = Xi{3(xi), where (3(0) ^ and n > 2m + 1. (singularity of type A n _i) 
In these cases we say that is of type A. 

Case b. b(0, 0) = 0. Then we may assume that 

(3.2) b(xi, x 2 ) = x 1 b 1 (x 1 ,x 2 ) + x\b 2 (x 2 ), 

where b\ and b 2 are smooth functions, with b±(0, 0) ^ 0. 
Moreover, either 

(i) bo is flat, (singularity of type D^) 
or 

(ii) bo{x\) = x"/3(xi), where (3(0) ^ and n > 2m + 2. (singularity of type D n+1 ) 
In these cases we say that is of type D. 

Remarks 3.2. (a) It is easy to see that the Newton distance d = d(4>) for these 
normal forms is given as follows: 



2m 



if is of type A, 



d = ) m+l' 

\^±1, if is of type D, 

and by Proposition 2.1 that hn n ((f)) = d, i.e., that the coordinates x are linearly 
adapted. 

(b) Similarly, the coordinates yi := xi, y 2 := x 2 — ip(xi) are adapted to 0, and we 
can choose ip as the principal root jet. 
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(c) When has a singularity of type or and satisfies Condition (R), then, 
after replacing ip by an equivalent function, we may assume that bo = 0. 

Proof. If D 2 (p(0, 0) had full rank 2, then the coordinates x would already be adapted 
to 0, which would contradict our assumptions. Therefore rankZ) 2 0(O, 0) < 1. Let us 
denote by P n the homogeneous part of degree n of the Taylor polynomial of 0, i.e., 

P n {X\,X2) = Ylj+k=n C jkXl%2- 

1. Case: rankD 2 0(O, 0) = 1. 

In this case, by passing to a suitable linear coordinate system, we may assume that 
P 2 (xi,x 2 ) = ax 2 ,, where a ^ 0. Consider the equation 

d 2 (j>(x 1 ,x 2 ) = 0. 

By the implicit function theorem, it has locally a unique smooth solution x 2 = ip(x\), 
i.e., d 2 (p(xi, 4>(xi)) = 0. A Taylor series expansion of the function 0(xi, x 2 ) with respect 
to the variable x 2 around if)(xi) then shows that 

(3.3) <f>(xt, x 2 ) = b(xi,x 2 )(x 2 - i){xi)) 2 + bo(x x ), 

where b and b are smooth functions and 6(0, 0) = |9|0(0, 0) = a ^ 0, whereas 
bo(xi) = 0(xf), since 0(0,0) = 0, V0(O,O) = (this is a special instance of what 
would follow from a classical division theorem, see, e.g., [11]). 

Now, either b is flat, which leads to type A^, or otherwise we may write 60(^1) = 
XiP(xi), where 0(0) 7^ and n > 2, which leads to type A n ^\. 

Observe also that the function if) cannot be flat, for otherwise the Newton polyhedron 
of would be the set (0, 2) in case that 60 is flat, or its principal edge would be the 
compact line segment with vertices (0,2) and (n, 0). In the latter case, the principal 
part of is given by 4> pr (xi,x 2 ) = ax\ + g(0)x™, so that the maximal multiplicity 
m(0 pr ) of any real root of pr along the unit circle is at most 1, whereas the Newton 
distance is given by d — + -) > 1. Therefore, in both cases, the coordinates x 
would already be adapted to 0, according to Corollary 4.3 in [12]. Notice also that the 
same argument shows that the coordinates y introduced in (1.8) are adapted to 0, so 
that in particular indeed h — 2 (in case that 60 is A a t) respectively h = l/(h + -)<2 
{iib {x 1 )=x?l3{x 1 )). 

In particular, since "0(0) = 0, we can write ip(xi) = cx™ + 0(a;™ +1 ) for some m e N, 
where 0. Note that indeed m > 2, since P 2 (x\,x 2 ) = ax\. 

Finally, when 60(^1) = x iP( x i)i a similar reasoning as before shows that the coor- 
dinates x are already adapted if 2m > n, so that under Assumption 1.2 we must have 
n > 2m + 1. 

2. Case: £> 2 0(O,O) = 0. 

Then P 2 = 0, and P 3 ^ 0, for otherwise we had h hn >d> 1/(1/4+ 1/4) = 2, which 
would contradict our assumption that h\ in < 2. Notice also that P 3 7^ is homogeneous 
of odd degree 3, so that necessarily m(P 3 ) > 1. 
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Assume first that m(P 3 ) = 1. Then, passing to a suitable linear coordinate system, 
we may assume that P 3 (xi, x 2 ) = x x (x 2 — axi)(x 2 — (3xi), where either a ^ (3 are both 
real, or a = (3 are non-real. Then one checks easily that the Newton diagram of P3 is a 
compact edge intersecting the bi-sectrix in its interior and contained in the line given by 
\t\ + |t 2 = 1- Consequently, it agrees with the principal face vr(0), so that P 3 = </> pr . 
We thus find that the Newton distance d in this linear coordinate system satisfies 
d = 3/2 > ?n(0p r ), so that these coordinates would already be adapted, contradicting 
our assumptions. 

Assume next that m(P 3 ) = 3. Then, in a suitable linear coordinate system, P 3 (xi, x 2 ) 
= x 2 . These coordinates are then adapted to P 3 , so that h(P 3 ) = d(P 3 ) = 3 > 2. 
However, as has been shown in [13], p. 217, under Assumption 1.2 this implies that 
the Taylor support of (f> is contained in the region where |ti + |t 2 > 1. This in return 
implies that hn n > d > 1/(| + |) = 2, in contrast to what we assumed. 

We have thus seen that necessarily m(P 3 ) = 2. Then, after applying a suitable linear 
change of coordinates, we may assume that P 3 (xi,x 2 ) = x\x\, i.e., 

4>(xi, x 2 ) = x\x\ + 0(|x| 4 ). 

Consider here the equation 

(3.4) d 1 d 2 <f>{x 1 ,x 2 ) = 0. 

By the implicit function theorem, it has locally a unique smooth solution x 2 = ip(xi), 
i.e., d\d 2 cj){xi ) ip{xi)) = 0. By means of a Taylor series expansion of the function 
di(f)(xi,x 2 ) with respect to the variable x 2 around ip(x\) and subsequent integration in 
X\ one then finds that 

(j>{xi,x 2 ) = b(x u x 2 ){x 2 - t/H^i)) 2 + h{x\)x 2 + 60(^1), 

where b, 6 and b 2 are smooth functions. Again, we have that ip(xi) = cx™ + 0(x™ +1 ), 
with m > 2. Then (3.4) implies that b 2 = 0, and since <9 2 0(O, 0) = 0, we see that b 2 = 0, 
hence 

(3.5) <f>{xi,x 2 ) = b(xx,x 2 )(x 2 - 4>{xi)) 2 + 60(^1), 
Moreover, since d\ 0(0, 0) = 0, di<9f </>(0, 0) ^ 0, d|0(O, 0) = 0, we have that 

6(0, 0) = 0, 9x6(0, 0) ^ and d 2 b(0, 0) = 0. 
By Taylor's formula, this implies that 

b(xi,x 2 ) = x x b x {x 1 ,x 2 ) + x\b 2 (x 2 ), 

where b\ and b 2 are smooth functions, with ^(O, 0) 7^ 0. 

In a similar way as in Case 1, one can see that the coordinates from (1.8) are adapted 
to (f>. Moreover, if 6 is flat, which leads to case D^, then h = 2, and if 60(^1) — ^1^(^1)1 
which leads to case D n+ i, then h = < 2. Finally, one also checks easily that the 
coordinates x in (1.8) are already adapted to 0, if 2m + 1 > n, so that under our 
assumption we must have n > 2m + 2. 

This concludes the proof of Proposition 3.1. Q.E.D. 
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Corollary 3.3. Assume that <\> satisfies Assumption 1.2. By passing to a suitable linear 
coordinate system, let us also assume that the coordinates x are linearly adapted to <f>. 
Then, if d = d(<f>) < 2, the critical exponent in Theorem 1.7 is given by p' c = 2d + 2. 

Proof. Proposition 3.1 shows that the principal face ir(<f>) of the Newton polyhedron of 
is a compact edge whose "upper" vertex v is one the following points (0, 2) or (1, 2), 
which both lie below the line H := {(^1,^2) : t% = 3} within the positive quadrant. 
On the other hand, m + 1 > 3. It is then clear from the geometry of the lines H, the 
line L which contains 7r(0) and the line A^ m \ that A^ m ^ will intersect L above or in 
the vertex v. Since, by Varchenko's algorithm, the point v will also be a vertex of the 
Newton polyhedron of <ft a , this easily implies that h r (<f)) = d (compare Figure 2). This 
proves the claim. Q.E.D. 

4. Reduction to restriction estimates near the principal root jet 

We now turn to the proof of Theorem 1.7 (which includes Theorem 1.4). As a first 
step, we shall reduce considerations to a small neighborhood of the principal root jet 
ip. Recall that our coordinates x are assumed to satisfy (1.7) and (1.6). 

Following [14], by decomposing M? into its four quadrants, we shall in the sequel 
always assume that the surface carried measure dp = pda is supported in the positive 
quadrant where x\ > 0,X2 > 0, i.e., that it is of the form 

(p, f)= f f(x, 4>(x)) V (x) dx, f e C (R 3 ), 

where rj(x) := p(x, <j>(x))y/l + |V0(s)| 2 is smooth and has its support in the neighbor- 
hood Q of the origin, which we may assume to be sufficiently small. The contributions 
by the other quadrants can be treated in a very similar way. 
If x is an integrable function defined on Q, we put 

p x := (x ® IV, i.e., (/i x , /) = / f(x,4>(x))r)(x)x(x)dx. 

J(R + )2 

We choose a non-negative bump function xo £ Co°(^) supported in [—1,1], and put 

pi(xi,x 2 ) :=Xo[ ), 

where e > is a small parameter to be determined later. Notice that p\ is supported 
in the K-homogeneous subdomain of Q D M 2 where 

(4.1) \x 2 - cx?\ < ex?, 

which contains the curve x 2 = "0(^1 ) when Q is sufficiently small. 

Proposition 4.1. For every e > 0, when the support of p is sufficiently small then 

( I Ifl'dp 1 -^ 2 < C p Jf\\ LP{m , f e S(R 3 ) 

whenever p' > 2d + 2. In particular, this estimate is valid for p' > p' c . 
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The proof of this result will by and large follow the proof of Corollary 1.6 in [14]. 
By {<5 r } r> o we shall again denote the dilations associated to the principal weight k. 
Fixing a suitable smooth cut-off function x > on M 2 supported in an annulus A C M 2 
such that the functions Xk '■= X ° &2 k form a partition of unity, we then decompose the 
measure y u 1 " Pl dyadically as 

(4.2) /j}~ pl = /**, 

k>ko 

where p^ := n Xk ^ pl \ Let us extend the dilations S r to M 3 by putting 

6*(x 1 ,x 2 ,x 3 ) := (r Kl x 1 ,r K2 x 2 ,rx 3 ). 
We re-scale the measure /!& by defining /io,0) : = 2~ fc /ifc ° S e 2 -k, i.e., 

(4.3) (no,(k),f) = 2 ]K]k (Vk,f°S e 2*)= / f(x,(f) k (x))7](5 2 - k x)x(x)(l-pi(x 1 ,x 2 ))dx, 
with 

(4.4) 4> k (x) := 2 k (J)(5 2 -kx) = (j) K {x) + error terms of order 0(2~ 5k ), 

where 5 > 0. Recall here that the principal part pr of <fi agrees with K . This shows 
that the measures /io,(fc) are supported on the smooth hypersurfaces S k defined as the 
graph of 4> k , their total variations are uniformly bounded, i.e., sup fc ||/io,(fc)||i < °°; an d 
that they are approaching the surface carried measure /io,(oo) on S defined by 

(^o,(oo),/) := / f(x,<f> K (x))7i(0)x(x)(l- pi(x u xn))dx 

as k — > oo. The proof of Corollary 1.6 in [14], which is based on a classical result by A. 
Greenleaf [10] which relates uniform estimates for the Fourier transform of a surface 
carried measure to L p -L 2 - Fourier restriction estimates for this measure, as well as on 
Littlewood-Paley theory, then shows that it is sufficient to verify the following estimate 
in order to prove Proposition 4.1: 

Lemma 4.2. If k <E N is sufficiently large, then there exists a constant C > such 
that 

|/£S(0I <C(l + \£\)- 1/d for every £eR 3 ,k>k . 

We turn to the proof of Lemma 4.2. Assume first that h\i Q = hn n ((p) > 2. Then 
h(<f)) > 2 by Assumption 1.2. Thus, in this case, the proof of Lemma 2.3 in [14] shows 
that indeed the estimate in Lemma 4.2 holds true. 

We may therefore assume that h hn < 2, so that (f> can be assumed to be given by 
one of the normal forms appearing in Proposition 3.1. Moreover, then h\ in = d is the 
Newton distance. Let us re-write 

J^)(0 = [ e-^^ 1+ ^ 2+ ^^' :C2 »r / (5 2 - fe a;)x(x)(l - p 1 (x 1 ,x 2 ))dx, 

i(R+)2 
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and observe that, by a partition of unity argument, it will suffice to prove the following: 



Given any point v G A such that 

(4.5) v 2 - cv™ ^ 0, 

there is neighborhood V of v such that for every bump function Xv G C°°(R 2 ) supported 
in V we have 

(4.6) \J Xv (0\ < C(l + \£\y 1/d for every (eR 3 ,fc> k , 
where 

J Xv (0-= [ e-^ lXl+ ^ X2+ ^ k{xi ' X2)) r](5 2 - k x)xv(x)dx. 
To prove this, we shall distinguish the cases a and b from Proposition 3.1. 
Case a (0 of type A). In this case, we see that k = (j^, \) and 
<Pk(xi, x 2 ) = (p P r (aci, x 2 ) = 6(0, 0)(ar 2 - ex™) 2 , 

so that \ = \ + im' ^-fter applying a suitable linear change of coordinates (and possibly 
complex conjugation to </ x "(0)> we ma y assume that 6(0, 0) = 1. Then, the Hessian of 
4> K is given by 

Hess(0 K )(xi, x 2 ) := —4m(m — l)cx™~ 2 (x 2 — cx™). 

Therefore, by (4.5), if m = 2, or V\ ^ 0, then Hess(0 K )(t>) ^ 0. In this case, in view 
of (4.4) we can apply the method of stationary phase for phase functions depending 
on small parameters and easily obtain 

\J Xv (0\ < C(l + KIT 1 for every £ G 1R 3 , k > k , 

provided V is sufficiently small and k$ sufficiently large. Since d > 1, this yields (4.6). 

We are left with the case where m > 2 and V\ = 0. Since v = (t>i,t> 2 ) G A, this 
implies that t> 2 ^ 0. 

Putting (p k (y 1 ,y 2 ) := 4> k (yi,v 2 +y 2 ), we may re-write J Xt, (0 as 

= e -*«& f e~ i ^ Vl+ ^ V2+izik( ^ V2)) 7 1 {5 2 ^{y ll v 2 + y 2 )xo(y) 

i(M+)2 

where Xo is now supported in a sufficiently small neighborhood of the origin. But, 
4> k (yuV2) = (v 2 + y 2 -cy?) 2 + 0(2- Sk ) 

= v\ + 2v 2 y 2 + (y 2 2 - 2cv 2 y? + c 2 y\ m - 2cy 2 y™) + 0(2~ 5fc ). 

The main term here is (y 2 — 2cv 2 y™), which shows that the phase has a singularity of 
type A m _i. 
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By means of a linear change of variables in £-space, which replaces £2 + 2v 2 ^3 by £2, 
we may thus reduce to assuming that the complete phase in the oscillatory integral 
J Xv (£) is given by 

tm + + £3 [vl - 2cv 2 y? + c 2 y\ m ~ 2cy 2 y? + 0(2~ Sk )) . 
We claim that 

\J Xv (0\ < C(l + |£ir ( ^ + - } for every £ G IR 3 , k > k , 

which is better then (4.6). 
Indeed, if 

|&| <max{|a|,|6|}, 
then this follows easily by integration by parts, so let us assume that 

l&I^Mmaxfl&U&l} 

for some constant M > 0. Then |£ 3 | ~ |£|. Consequently, by applying first the method 
of stationary phase to the integration in y 2 , and then van der Corput's estimate to 
the 2/1 integration, we obtain the estimate above. Observe here that these types of 
estimates are stable under small, smooth perturbations. 

Case b ((f) of type D). In this case, we see that k = ( 2 m+1 , 2 ™+ 1 ) anc ^ 
</>k(xi,x 2 ) = 4> P r (xi, x 2 ) = g(0, 0)xx(x 2 - ex™) 2 , 

SO tllclt ^ = 2m+l * ^ 

gain, we may assume without loss of generality that g{0,0) = 1, 

so that 

(j) K {x X: x 2 ) = x x x\ - 2cx™ +1 x 2 + c 2 x 2m+1 . 
Straight-forward computations show that 

(%(f) K (x) = -2cm(m + l)x™~ 1 x 2 + c 2 2m(2m + l)xl m ~ l , 
did 2 <P K (x) = 2x 2 -2c{m + l)x™, d 2 <f) K {x) = 2x u 

hence 

Hess(0 K )(f) := —A(x 2 - exf) (x 2 + c(m 2 - m - l)x™j . 

In view of (4.5), we see that Hess(0 K )(t> ) 7^ 0, if v 2 + c{m 2 — m — l)v™ 7^ 0, so that we 
can again estimate J Xt, (£) by means of the method of stationary phase. 
Let us therefore assume that Hess((/> K )(t> ) = 0, i.e., 

(4.7) v 2 = -c{m 2 - m - 1)<\ 

Observe that then v\ 7^ 0, v 2 7^ 0. Denote by 

z — ' a\ 

the homogeneous Taylor polynomial of <p K of degree j, centered at v. Then clearly 
P2{y) = vi(y 2 + (v 2 - c(m + l)v™)yx/v^\ = vi(y 2 - cm 2 ^" 1 ?/! 
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Moreover, by (4.7) 

PM = (^c 2 m 2 (m 3 -m 2 + 2m + l> 2m ~ 2 y 2 - cm{m + ^v'^y^ + yfj 

= -yiQiv)- 

Passing to the linear coordinates Z\ :— y%, z 2 := y 2 — cm 2 ?;™" 1 !/!, one finds that 

P 2 = Vl z\, P 3 = -ziQ(z), 

where again Q = z\ + 2(3iZiz 2 + f3 2 zf is again a quadratic form. Moreover, straight- 
forward computations show that 

#2 = -m 2 (m - l)(m 2 - l)^" 1 " 2 ^ 0. 
3 

Applying Taylor's formula, we thus find that, in the coordinates z, 

4>(z) := (j) K {vx f 2 + 2/2) = c + c 1 z 1 + c 2 z 2 + (v 1 z 2 2 -(3 2 zf)-(z 1 z 2 l + 2f3 1 zlz 2 )+O(\z\ 4 ). 

Let us put ^(2) := 0(z) - (c + c x z x + c 2 z 2 ), so that 0"(O, 0) = 0, V0"(O, 0) = 0. Then 
one finds that the principal part of <fi v is given by 

0pr ( z ) = v i z l ~ fezf, where f3 2 7^ 0. 

We can now argue in a very similar way as in the previous case. Indeed, by passing for 
the variables x in the integral defining J x "(£), and then applying first the method of 
stationary phase to the integration in z 2 , and subsequently van der Corput's estimate to 
the Z\ integration (in the case where |£ 3 | > Mmax{|£i|, |^2|}), we obtain the estimate 

\J Xv (0\ < C(l + \^\)~^ + ^ for every (eR 3 ,fc> k . 

Again, this is a stronger estimate than (4.6), since here 

1 _ 1 1 ,11 
d ~ 2 + 4m + 2 ~ 2 + 3' 

The proof of Proposition 4.1 is thus complete. 



We are thus left with proving Fourier restriction estimates for the measure /z Pl which 
is supported in the small neighborhood (4.1) of the principal root jet. Our main goal 
will thus be to prove the following 

Proposition 4.3. Assume that <fr satisfies the assumptions of Theorem 1.7. If e > 
is sufficiently small, then we have 

(J \f\ 2 d^y /2 < C Pi£ \\f\\ LP(m , f G 5(M 3 ) 

whenever p' > p' c . 
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In combination with Proposition 4.1 this will conclude the proof of Theorem 1.7. 
Notice that by interpolation with the trivial L l -L 2 - restriction estimate, it will suffice 
to prove this for p = p c . 

We shall distinguish between the cases where h\ in < 2, and where h\ in > 2, since 
their treatments will require somewhat different approaches. Moreover, when h\\ n > 5, 
some arguments simplify substantially compared to the case where 2 < hi in < 5, 
since we can then apply restriction estimates for curves with non-vanishing curvature 
originating from seminal work by S.W. Drury, so that we shall also distinguish between 
those sub-cases. 

5. The case when h hQ (4>) < 2 

In this case, we may assume that is given by one of the normal forms in Proposition 
3.1. Recall from Corollary 3.3 that then p' c = 2d + 2. Recall also that, because we are 
assuming of Condition (R), the term &o m (3-1) respectively (3.2) vanishes identically 
if is of type or (cf. Remark 3.2 (c)). 

In a first step, we shall follow the arguments from the preceding section and decom- 
pose the measure \i pl dyadically by means of the dilations associated to the principal 
weight Kj. Applying subsequent re-scalings, we may then reduce ourselves by means of 
Littlewood-Paley theory to proving the following uniform restriction estimates (5.3): 

For k G N denote by the measure given by 

(5.1) (^/) = 2 |s| V/°<5V}= / f(x,<j) k (x))7i(5 2 - k x)x(x)p 1 (x u x 2 )dx 1 

J(K+)2 

where <p k is again given by (4.4). Observe that 

(5.2) xi ~ 1 ~ X2 

in the support of the integrand. Recall also from (1.9) that 

(p(x 1 ,x 2 ) = <fr a (x 1 ,x 2 - V(«i))> 

where according to (1.7) we may write 

ip(xi) = x™u(xi), (m > 2), 

with a smooth function u satisfying w(0) ^ 0. 

Then, if e > and 5 are chosen sufficiently small, there are constants C £ > and 
ko G N such that for every k > ko 

(5.3) ( J \f\ 2 dv k y /2 < C e ||/||LPc(R3), / e S(R 3 ). 

In order to prove this estimate, observe that <p k can be written in the form 

(5.4) 4>(x,5):=b(xi,x 2 ,Si,5 2 )(x 2 -x r [ l uj(5ix 1 )) + 5 ^i/3(^i^i), 



(5.5) b(x 1 ,x 2 ,S 1 ,S 2 ) :-- 
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where 

5 = (S , S x , S 2 ) = ( 2 -^-^ k ,2- Klk ,2- K2k ) 

are small parameters which tend to as k tends to infinity, and where b is a smooth 
function in all variables given by 

b(SiXi, S 2 x 2 ), for of type A, 

Xibi(5iXi, 62X2) + <5 2m_1 xlb 2 (5 2 x 2 ) , for is type D. 

Recall that So = when <fi is of type Aoo or D^. Recall also that here x\ ~ 1 ~ x 2 , 
and notice that 

w(0) ^ 0, and b(x 1 ,x 2 ,0,0) ~ 1. 
It is thus easily seen by means of a partition of unity argument that it will suffice to 
prove the following proposition in order to verify (5.3). 

Proposition 5.1. Let <p(x,S) be as in (5.4). Then, for every point v = (vi,v 2 ) such 
that v 1 ~ 1 and v 2 = f™w(0), there exists a neighborhood V of v in (M+) 2 such that for 
every cut-off function r\ G T>(V), the measure vs given by 



(vs,f) ■= j f(x,(f)(x,S))r](x 1 ,x 2 )dx 
satisfies a restriction estimate 

(5.6) ( J \f\ 2 dv s ) 1/2 < CJf\\ LPcm , f e S(R 3 ), 

provided S is sufficiently small, with a constant C v which depends only on some C k - 
norm oft]. 

In oder to prove this proposition, we shall perform yet another dyadic decomposition, 
this time with respect to the 23-variable. A straight-forward modification of the proof 
of Corollary 1.6 in [14] then allows to reduce the proof again by means of Littlewood- 
Paley theory to uniform restriction estimates for the following family of measures: 

(5.7) (v Sj ,f):= / /(x,0(x,5))x(2 2j 0(x,5))^(xi,a;2)rfx. 



Here, x £ T>(W) is any fixed, non-negative smooth bump-function supported in 
(—2, — l/2)U(l/2, 2) such that x = 1 in a neighborhood of the points —1 and 1. Notice 
that is supported where \<f>(x, S)\ ~ 2 _2j . I.e., in place of (5.6), it will be sufficient 
to prove an analogous uniform estimate 



(5.8) ( j \f\ 2 du 5 ^ 1/2 < C v \\f\\ LPc{m , feS 



for all j G N sufficiently big, say j > jo, where the constant C v does neither depend on 
S, nor on j. 

In order to verify (5.8), we shall distinguish three cases, depending on the size of 
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5.1. The sub-case where 2 2 ^5q ^> 1. Observe first that if j is sufficiently large, then 
by (5.4) and since X\ ~ 1, ugj = unless b(v, 5i,8 2 ) and /3(0) have opposite signs. So, 
let us for instance assume that b(xi, x 2 , 5\, S 2 ) > and j3{5\X\) < on the support of 
77. Then := —/3 > 0, and we may re-write 

2 2j <p(x,5) = 2 2j b(x 1 ,x 2 ,5 1 ,5 2 )(x 2 -xXte))' - 2 2j S x^(5 1 x 1 ). 



We introduce new coordinates y by putting y\ := x\ and y 2 := 2 2j 0(x,<5). Solving for 
x 2 , one easily finds that 



(5.9) x 2 = h (y x , ^2- 2 iy 2 + 6 yW(6 iyi ), 8 U 5 2 ) ^2^y 2 + 5 Q yfp{5 m ) + V?^m) , 

where b\ has similar properties like b. Moreover, by the support properties of the 
amplitude x(2 2j 0(£, 5))r)(xi, x 2 ), we see that also for the new coordinates we have 
y 1 no 1 ~ y 2) and that we can re- write 

2~ 2j f / \ 
(vs,jj) = J f(yi, <fr(y,5,j),2~ 2j y 2 ) a{y,6,j)x{yi)x(V2)dy, 

with a cut-off function x as before, and where a(y,5,j) is smooth in y and 8, with 

C fc -norms uniformly bounded in 8 and j, and where 

(5-10) 

4>(x,8,j) := 61 (xi, ^ 2- 2 J'x2 + 5 x^(5ixi), St, 5 2 ) ^2- 2 Jx 2 + <5 ^/3((5 1 x 1 )+x™w(5 1 x 1 ) . 
We have re-named the variable y to x here, since if we define the measure z/^ by 

(5.11) ^.n^ff^W^Mxl'M*,)**, 

then the restriction estimate (5.8) for the measure 2/^ is equivalent to the following 
restriction estimate for the measure ugj : 

|2^~,. . / /rr . /I^f 1 -^) II *||2 



(5.12) / |/| 2 ^,, < C v ^5 2^-^> \\f\\U m , f € 5(R J ) 



for all j G N sufficiently big, say j > jo, where the constant C v does neither depend on 
8, nor on j. 

Formula (5.11) shows that the Fourier transform of the measure i/gj can be expressed 
as an oscillatory integral 

(5.13) hM) = [ e- i ^ s ^a(x,5,j)x(x 1 ) X (x 2 )dx, 



where the complete phase function $ is given by 

(5.14) ${x,8,j,Z) :=&4>(x,S,j)+£ 3 X2 + Zix 1 . 

Finally, we shall perform a Littlewood- Paley decomposition of the measure ugj in 
each coordinate. To this end, we fix again a suitable smooth cut-off function xi > 
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on R supported in (-2, -1/2) U (1/2, 2) such that the functions Xk(t) := Xi(2 1_fc t), k G 
N\ {0}, in combination with a suitable smooth function xo supported in (—1, 1), form 
a partition of unity, i.e., 

oo 

(5.15) ^ Xk(t) = 1 for all t G E. 

fc=0 

For every multi- index k = {ki,k 2) k^) G N 3 , we put 

(5-16) Xk(0 ■= Xfci(6)Xfc 2 (6)Xfe 3 fe), 

and finally define the smooth functions v^j by 

In order to defray the notation, we have suppressed here the dependency of this smooth 
function on the small parameters 5. We then find that 

(5.17) v s ,j = Yl Uk >i> 

fceN 3 

in the sense of distributions. To simplify the subsequent discussion, we shall concen- 
trate on those measures i/^j for which none of its components fcj's are zero, since the 
remaining cases where for instance ki is zero can be dealt with in the same way as the 
corresponding cases where ki > 1 is small. 

Now, if 1 < Aj = 2 ki ~ 1 , i = 1,2, 3, are dyadic numbers, we shall accordingly write 
in place of u k j, i.e., 

(5.18) ^ K)=X1 (|) X1 (|) X1 (|)^. K) . 
Note that 

(5.19) |&| ~ Aj, onsuppz^. 
Moreover, by (5.11), 

Vj(x) = AiA 2 A 3 fx 1 (^\ 1 (x 1 - yx)) Xi(a 2 (^2 - (j>{y,6,j)Yj 

(5.20) xi (yM{x2 - 1/2)) a{y, 5, j) x{yi)x{y2) dy, 

where / denotes the inverse Fourier transform of /. 

We begin by estimating the Fourier transform of Uj. To this end, we first integrate 
in X\ in (5.11), and then in x 2 , assuming that (5.19) holds true. We shall concentrate 
on those Uj for which 

(5.21) Ai ~ A 2 ~ v^o2 2i A 3 . 

In all other cases, the phase has no critical point on the support of the amplitude, and 
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we obtain much faster Fourier decay estimates by repeated integrations by parts, so 
that the corresponding terms can be considered as error terms. Observe also that 

d 2 



dx 2 



-2 

on the support of the amplitude. We therefore distinguish two sub-cases. 

1. Case: 1 < Ai < 5q^ 2 2 4j . In this case we cannot gain from the integration in x 2 
but, by applying van der Corput's lemma (or the method of stationary phase) in x\ we 
obtain 

(5-22) < * 

2. Case: Ai ^> 5q^ 2 2 4j . Then, by first applying the method of stationary phase to 
the integration in x±, and subsequently applying the classical van der Corput lemma 
(or Lemma 2.2, with M = 2) to the integration in X2, we obtain 

— 1 1 S 3/4 2 2 i 

Next, from (5.20), we trivially obtain the following estimate for the L°°-norm of : 
(5-24) IK A ||oo< A 2 ~ Ai, 

in Case 1 as well as in Case 2. All these estimates are uniform in 5, for 5 sufficiently 
small. 

For each of the measures z/ A , we can now obtain suitable restriction estimates by 
applying the usual approach. Let us denote by Tsj the convolution operator 

T Sjj : ip i-)> if * u s ,j, 
and similarly by T- the convolution operator 

Tf:<pi-Kp* v]. 
Formally, by (5.17), Tgj decomposes as 



(5.25) T s>j = Y< T > 



2 k 
j 

fceN 3 



if 2 k represents the vector 2 k := (2 1 , 2 k2 , 2 k:i ) (with a suitably modified definition of 
T 2 when one of the components ki is zero). If we denote by ||T|| p ^q the norm of T as 

an operator from LP to L q , then clearly ||T^|| 1^.00 = ||^||oo and ||T- 1 1 2 ^2 = 1 1 v ] 1 1 00 • 

The estimates (5.22) - (5.24) thus yield the following bounds: 

V /2 , if 1 < Ai < 5 3 /2 2 A \ 



Ai 



if Ai>5o /2 2 4 ^', 
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and ||T^|| 2 ->2 ^ Ai. Interpolating these estimates, where l/p' c = (l — 9)/oo + 9/2 = 9/2, 
we find that 

if 1 < X 1 < S 3 /2 2^, 
sl^- 9) 2^-s)Jxf-\ if A 1 »5 3/2 2 4 ^ 



(5.26) ||r/|| Pc ^ c < 



where 

(5.27) 9 :-- 



3 ^tL, if is of type A, 
gL, if is of type D. 



The following lemma will be useful in the sequel. 
Lemma 5.2. (a) If is of type A, then 

rin -i m— 1 op i 2 on o 2m— 1 en o 3— m ii/j r o2m— 3 

and 140 - 5 = |^-. Moreover, 1 - 4 = t^t- 

3m+l ' pj, 3m+l 

(^j J/0 is of type D, then 

nn 1 rn oQ 1 1 oQ 9 3m+l fq 9 m— 1 11/1 r 1— 4m, 

Z(7 i— 3m+2' 0(7 1 — 3m+2' 0(7 Z— 3m+2 ' 0(7 Z— 6m+4 ' iif7 ~ 3m+2 

and 140 - 5 = Moreover, 1 - 4 = t 1 ^- 

3m+2 ' p' c 3m+2 

Now, the main contributions to the series (5.25) come from those dyadic A = 2 k for 
which Ai ~ A2 ~ \/5q2 2 ^ A 3 . Under these relations, for Ai given, A 2 and A 3 may only 
vary in a finite set whose cardinality is bounded by a fixed number. This shows that, 
up to an easily bounded error term, 

^3/2 

Al=2 Ai><5o /2 2 4 J 

Here, and in the sequel, summation over Ai,A 2 etc. means that we sum over dyadic 
numbers Ax, A 2 etc. only. Now, by Lemma 5.2, 

(5.28) 20 - 1 < and < 30 - 1 < 1, 

which yields 

I IT* -II , < xK 3 * -1 ^ 3 *- 1 )^ 
Applying the usual T*T- argument, we thus need to prove that 



in order to verify that the restriction estimate (5.12) holds true for p = p c = 2d + 2. 
However, since 2/p' c = 0, the previous estimate is equivalent to 



2 2 i( 40-2) < 
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But, since 2 2 ^ > 1 and 26 - 1 < 0, we see that 2 2 ^ 4e - 2 ) < C5 2 ~ 49 , and therefore we 
only have to verify that 2 - 46 > (5 - 90)/4, i.e., 

76 < 3. 

This is obvious by (5.27), and we thus have verified the restriction estimate (5.8) in 
this sub-case. 

There remains the case 2 2 - ? <5o < C, where C is a fixed, possibly large constant. 

Observe that the change of variables (xx, x 2 ) (xi, x 2 + x™uj(6iXi)) and subsequent 
scaling in x 2 by the factor 2~ J allows to write 

(is Stj , f) = 2~* Jf(x t , 2~ix 2 + xTu(5 lXl ), 2- 2 ><p a (x, S,j)"j a(x, 8,j) dx, 

where here 

(p a (x,5,j) := b( Xl ,2- j x 2 + x™u(5 1 x 1 ),5 1 ,5 2 )x 2 2 + 2 2 M x?/3(5 1 x 1 ), 

and 

a(x,8,j) := x(<p a (x,^j))ri(x u 2- j X2 + x?uj(5 l x l )). 
Let us here introduce the re-scaled measure ugj by 

(5.29) fajj) ■■= J f(xi, 2~ j x 2 + x^uj(5 1 x 1 ),^ a (x, 5, j)) a(x, 5, j)dx. 

Then, it is easy to see by means of a scaling in the variable £3 by the factor 2~ 2j 
that the restriction estimate (5.8) for the measure vg t j is equivalent to the following 
restriction estimate for the measure ugj '■ 

(5-30) / \f\ 2 du 5tj < C v 2 {l -Vj' \\f\\ 2 LPcm , f e S(R 3 ), 

Js 

for all j G N sufficiently big, say j > j , where the constant C v does neither depend on 
5, nor on j. 

In order to prove (5.30), we again distinguish two sub-cases. 

5.2. The sub-case where 2 2 ^5q <C 1. Notice that here the phase (p a (x,8,j) is a 
small perturbation of b(v, 0, 0)x|, where b(v, 0, 0) ~ 1. This shows that also in the new 
coordinates, x\ ~ 1 ~ x 2 on the support of the amplitude a, which in return implies 

(5.31) d 2 r(x,8,j)~l. 
We can thus write 

(5.32) = J e - i ^ 5 ^a(x,6,j)x(x 1 ) X (x 2 )dx, 

where the complete phase function $ is now given by 

(5.33) Hx,8,j,0 := & ( p a (x,8,j) + 2-^ 2 x 2 + &x?uj(8 1 x 1 )+Z 1 x 1 , 
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and where x nas similar properties as before. 

As in the previous sub-case, we perform a Littlewood- Paley decomposition (5.17) 
of the the measure u$ t j in each coordinate and define the measure by (5.18). Then 
here we have 

v){x) = AiA 2 A 3 / Xi (Xi(xi ~ Vi)) Xi (a 2 (x 2 - 2~iy 2 - yfu}{5m))) 

(5.34) Xi(a 3 (^3 - <P a (y,$, a(y,5J) xiyijxiVi) d y, 

where / denotes the inverse Fourier transform of /. 

We begin by estimating the Fourier transform of Uj. To this end, we first integrate 
in x 2 in (5.32), and then in X\. We may assume that (5.19) holds true. Since then the 
phase function $ has no critical point in x 2 unless A3 ~ 2~ J, A 2 , and similarly in X\, 
unless A 2 ~ Ai, we shall concentrate on those Uj for which 

(5.35) Ai ~ A 2 and 2~ J \ 2 ~ A3. 

In all other cases, we obtain much faster Fourier decay estimates by repeated integra- 
tions by parts, so that the corresponding terms can be considered as error terms. 

1. Case: 1 < Ai < 2 J . In this case the phase function has essentially no oscillation in 
the x 2 variable. But, by applying van der Corput's lemma (or the method of stationary 
phase) in X\ we obtain in combination with (5.35) the estimate 

(5-36) H^IL < * 

2. Case: Ai > 2 J . Observe that in this case, our assumptions imply that SqI^X^ ^ 
A3 A 2 , if j > j ^> 1. Moreover, depending on the signs of the we may have 
no critical point, or exactly one non-degenerate critical point, with respect to each of 
the variables x 2 and x\. So, integrating by parts, respectively applying the method of 
stationary phase in the presence of a critical point, first in x 2 and then in xi, we obtain 

— 2 J '/ 2 
(5-37) ll^n^ 

^1 

Next, we estimate the L°°-norm of vj. To this end, notice that (5.31) shows that we 
may change coordinates in (5.34) by putting (zi,z 2 ) := (yi,4>(yi,i/2,8,j)). Since the 
Jacobian of this coordinate change is of order 1, we thus obtain that 



<AiA 2 A 



Xi(\(:ri - zi^j Xi(A 3 (x 3 - z 2 y) a(z,8,j) 



dz\ dz 2 



hence 



(5.38) ||^ A ||oo< A 2 ~ A 1} 

in Case 1 as well as in Case 2. 
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For the operators Tgj and which appear in this sub-case, the estimates (5.36) - 



(5.38) thus yield the following bounds: 

IIT'-Ml < 



X[ 1/2 , if 1 < Ai < 2J, 



2^/ 2 Ar 1 , if Ai > 2?, 
and ||T A || 2 -5.2 < Ai. Interpolating these estimates, we find that 



39-1 



( 5 ' 39 ) II T /Ilpc-+P' c ^ { 1^9 . ^ , 

where 9 is again given by (5.27). 



\ 2 , if 1 < Ai < 2>, 

2^'Af- 1 , if A x > 2?, 



Now, in view of (5.35), the main contributions to the series (5.25) comes here from 
those dyadic A = 2 k for which Ai ~ A2 and 2~ J A 2 ~ A3. Thus, up to an easily bounded 
error term, 



v 



(5-40) \\Ts, J \\ P ^<J2 X ? 1 + E 2^Af- 1 <2^, 

Ai=2 Ai=2J+! 

since, by Lemma 5.2, 28 — 1 < 0. 

Consequently, if <fi is of type A, then we see by means of Lemma 5.2 that 

II^jIU-^ £ 2ra^ < 2W* = 2 {l ~vJ\ 



39-1 , 



Similarly, if is of type D, then 

\\ T s,j\\ P ^ P ' c < 2^ < 2^ = 2 {l -&\ 

so that we have verified the restriction estimate (5.30). 

This concludes the proof of Proposition 5.1 also in this sub-case. 

5.3. The sub-case where 2 2j 5o ~ 1« Notice that here we can no longer conclude that 
x 2 ~ 1 on the support of the amplitude a(x,8,j), but only that \x 2 \ < 1, whereas still 
Xi ~ 1. 

Putting cr := 2 2 - J <5 , and $(x, 5,j) := b{x\, 2~^x 2 +x™u(6iXi), Si, 5 2 ), we may re-write 
the complete phase in (5.33) as 

(5.41) +2-^2 + ^ tt (^^J>2, 
where a ~ 1 and |6"(a;, 5, j)| ~ 1, and (5.34) as 

^(x) = A!A 2 A 3 / Xi (X 1 (x 1 - 2/0) xi (A 2 (a: 2 - 2^ 2 - yJM%i))) 

(5.42) Xi(a 3 (x 3 - b*(y,5,j)y 2 2 - ay n l f3{5 l y 1 )) a(y,5,j) dy. 



Since 



fxi(x 3 (c-t 2 )^)dt 
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< CA 3 , with a constant C which is independent of c, 



it is easy to see that 
(5.43) H^IU < min{2^ 3) A 2 Af } = X 1 / 2 min{A 2 , 2 j \ l 3 /2 } . 

Let us again assume (5.19). We shall first integrate in x\ in order to estimate 
If one of the quantities Ai, A 2 and A3 is much bigger than the two other ones, we see that 
we have no critical point on the support of the amplitude, so that the corresponding 
terms can again be viewed as error terms. Let us therefore assume that all three are 
of comparable size, or two of them are of comparable size, and the third one is much 
smaller. We shall begin with the latter situation, and distinguish various possibilities. 

1. Case: Ai ~ A3 and A 2 <C Ax- In this case, we apply the method of stationary 
phase to the integration in X\, and subsequently van der Corput's estimate to the 

^-integration and obtain ||^ A ||oo ^ ^i l ^ 2 ^z ^ ~ ^i" 1 - 

(a) Assume first that A 2 < TX] 12 . Then, by (5.43), WujW^ < A 2 Ai /2 , and we 
obtain in a similar way as before by interpolation that 



39-2 



2- 



Here, ^ < 0, because of (5.27). Note next that if 2 j X 1 / 2 < Ai, i.e., if A x > 2 2j , then 

by our assumptions A 2 < 2 3 A^ 2 , and if Ai < 2 2j , then A 2 < Ai. We thus find that the 
contributions T/ • of the operators with A satisfying the assumptions in (a) to T$ j 
can be estimated by 

2 2 ^ Ai 00 V\\ /2 

\K\\ P ^ <EE A ^ A * + E E A i^ A 2 

A 1= 2A 2 =2 Ai=2 2 J+ 1 A 2 =2 

2 2 ^ _ 00 

^£ A ^+ E ^r 1 - 

Ai=2 Ai=22j'+i 

But, we have seen that 26 — 1 < 0, so that 

II^H Pc ^<max{i,2^}. 

By means of Lemma 5.2, we thus see that if is of type A and m < 3, then 5$ — 2 > 0, 
hence ||^/j|| Pc ->y c < 2^^ j < 2^^ j = 2 ( • 1 ~p 7 '' )J, . And, if <p is of type A and m > 3, or if 

t ,, m—1 ■ f1_4 \j 

(j) is of type D, then 56 - 2 < 0, hence H^IU^ < J < 2^+r J = 2 l ^ JJ , i.e., 



/ 11 <r ni 1 -^ 



(5-44) \\Tl j \\ P ^ P ' c <2- 



(b) Assume next that A 2 > 2^X\ . Then, by (5.43), ||^ A ||oo ^ 2 J 'Ai, and we obtain 
in a similar way as before by interpolation that 
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Observing that we have A2 < Ai and Ai > 2 2j under our assumptions, we see that the 
contributions T$j of the operators with A satisfying the assumptions in (b) to T$ j 
can be estimated by 

00 Ai 00 

\K\\ P ^ C < E E 2 ^ 1 ^ E 2^iogA 1 Ar i < j2 ^, 

A 1 =2 2 ^+ 1 A 2 =2 Ai=2 2 J+ 1 

so that also 

(5-45) K J || Pc -v c < 2 (1 ~^. 

2. Case: A2 ~ A3 and Ai <C A2. Here, we can estimate Uj in the same way as in 
the previous case and obtain ||^||oo ^ A 2 1 ^A 3 ^ 2 ~ 1 - 

(a) Assume first that A 2 < 2^ X 1 / 2 . Then A 2 < 2 2j , and we obtain 

58-2 

\\pc-+p' c ~ ^2 2 • 

We thus find that the contributions Tj 1 - 1 of the operators with A satisfying the 
assumptions in (a) to Tgj can be estimated by 

2 2 J A 2 2 2 J 
rrr V ^ ^-A 59 ~ 2 V ^ 58-2 

ii^fiu^<EEv ^E lo s A2A 

A2 =2 Ai =2 A2— 2 

Arguing in a similar way as in case (a) of Case 1, we obtain 
(5-46) ll^f|L^<2 (1 -^ 



2 

2 



(b) Assume next that A2 > 2 J Aj^ 2 . Then, by (5.43), ||za a ||oo < 2 J 'Ai, and we obtai 



am 



in a similar way as before by interpolation that 

HT-iA II 083 \8 \0-l 

IIPc-V c ^ Z A 1 A 2 - 

Since here A2 > max{Ai, 2i\\ }, we then find that the contributions T/J of the oper- 
ators with A satisfying the assumptions in (a) to Tgj can be estimated by 

2 2 ^ 00 

ii^il^<£ E 2«A?Ar+ e E 2 ^ A ^ 2MJ - 

A i= 2 A 2 >2JaP Ai=2 2 JA 2 >Ai 

As before, this implies that 

(5-47) ll^|L^<2 (1 ~^. 

3. Case: Ai ~ A2 and A3 <C Ai. Notice that the phase $ has no critical point with 
respect to £2 when 2 _J A2 3> A3, so^that we shall concentrate on the case only where 

A2 ^ 2 J A3. Then we can estimate in the same way as in the previous cases and 
obtain |K A ||oo < A^ 1/2 A3 1/2 . 
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(a) Assume first that Ai < 2 J A 3 . Then A 3 < 2 2j , and we obtain 



39-2 26-2 



, <" \ 2 \ 2 

j IIPc^P'c 



We thus find that the contributions Tg, of the operators T* with A satisfying the 
assumptions in (a) to Tgj can be estimated by 

2 2 J 2* \\ /2 

v ^ 39-1 26-2 

\\ T J,j\\pc->p' c ~ £ £ -V 2 \ 2 ~ L 

A 3 =2 Ai=2 
1 II 

(b) Assume next that Ai > 2 J A 3 . Then A3 ~ 1 and Ai > 2 3 , and thus 

\\T X \\ 1 < 2 1 ~ 6 *"A 2 

We thus find that the contributions Tjf of the operators with A satisfying the 
assumptions in (b) to T$j can be estimated by 

00 

IIT V7 II , < o 1 - 9 )^^ 1 < 1 
\\ 1 s,j \\p c ^p'c ~ 1 ~ 

Ai=2J 



As before, we see that 



(5-48) ll^.|U^ + ||T^|| Pc ^ e <2 (1 -^ 

What is left is 



4. Case: Ai ~ A2 ~ A3. We can here first apply the method of stationary phase 
to the integration in x^- This produces a phase function in x±, which is of the form 
4>i(xi) = ^1X1 + ^2(p(0)x™ + error) +^ 3 ((T/3(0)x" + error), with small error terms of order 
0(\S\ + 2~- J ). We assume again that (5.19) holds true. Then 0i has a singularity of Airy 
type, which implies that the oscillatory integral with phase (pi that we have arrived at 
decays of order O ( | A | ~ 1 / 3 ) . Indeed, we have n > 2m + 1 and m > 2, and since x% ~ 1, 

it is easy to see by studying the linear system of equations yj = <p^\xi), j = 1,2,3, 
that there exist constants < c\ < C2 which do not depend on £ and X\ ~ 1 such that 

3 

3=1 

Thus, our claim follows from Lemma 2.2. We thus find that 

II^AII < A~ 5/6 

Hoc ^ A x 



(a) Assume first that Ai > 2 2j . Then, by (5.43) ||^ 7 A ||oo < 2 J Ai, and we obtain 

11 



3 

1 19-5 
6 
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Lemma 5.2 shows that 116 — 5 < 0, which implies that the contributions Tjj 1 of the 
operators with A satisfying the assumptions in (a) to Tgj can again be estimated 
by 



(5-49) IIT^IU^ < J2 29JX ^ S S 2 (1 ^ )J , 

provided that either <p is of type D, or of type A and m > 3. 

Observe also that if m = 2, then 6> = 3/7 and p£ = 14/3, so that ||3^||p c _ >p / < 

2 3 1' 7 \i l/n , and 

£ 2¥ A ^<2^ = 2 (1 -^', 

Ai>2« 

so that in this case there only remain the terms with Ai < 2 6j . 

(b) Assume finally that Ai < 2 2j . By the discussion in the preceding case, we 
may also assume that m > 3 when is of type A. 

3/2 



Then, by (5.43) ||z^||<x> ^ A/ , and we obtai 



am 



IIT A II , < \ 6 

II 1 j \\p C ->-p'c ~ A l 

We thus find that the contributions Tj? 11 of the operators with A satisfying the 
assumptions in (b) to Tgj can be estimated by 



1 4A-5 
6 



If 149 — 5 < 0, then we immediately obtain the desired estimate ||T (5 v ^ /// ||p c _ s .p/ < j < 

2 (1 ^ 
Then 



2 , so assume that 146' — 5 > (which means that m < 9 when is of type A). 



W 1 5,j \\Pc^p' c ~ z • 

If is of type D, then Lemma 5.2 shows that we again obtain the desired estimate, 
and similarly, if is of type A and 3 < m < 9. We have thus shown that the estimate 

(5.50) nrw^ s 2 (i -^, 

holds true when either <p is of type D, or of type A n _i with finite n and m > 3, or of 
type (notice that in the latter case 5$ = 0, so the last sub-case 2 2 ^Sq ~ 1 does not 
appear). 

The estimates (5.43) - (5.49) show that estimate (5.30) holds true also in this sub- 
case, which completes the proof of Proposition 5.1, with the exception of the case where 
cf) is of type Ai-i with finite n > 5 and m = 2, in which we are left with the terms 
with Ai < 2 6 - 7 . Thus, in order to complete the proof of Proposition 5.1, and hence that 
of Theorem 1.7 when hu a ((f)) < 2, it remains to prove the following 
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Proposition 5.3. If <j) is of type A n _\, with m = 2 and finite n > 5, so that p' c = 14/3 
and 1 — 4/p' c = 1/7, then 



(5.51) £ T s 



j 

2<Ai~A 2 ~A 3 <2 ( y 



< C2t. 

14 14 — 
11 ~ 3 



provided j G N is sufficiently big and 6 sufficiently small, where the constant C does 
neither depend on 6, nor on j. 

The proof of this proposition, which will be given in the next section, requires a 

more refined estimation, making use of the fact that z^(£) will be large only on a small 
neighborhood of some "Airy cone." 

6. Proof of Proposition 5.3: Airy type analysis 

In order to prove estimate (5.51), we shall assume for the sake of simplicity that 

2 < Ai = A 2 = A 3 < 2 6j 

(the remaining cases can be treated in a similar way). Recall also that a := 2 2jf <5o ~ 1. 
In order to defray the notation, we shall in the sequel denote by A the common value 
of Ai = A 2 = A 3 , and put 

6 3 := 2-'' « 1, Sl := |i, s 2 := ^, 

so that |si| ~ \$2\ ~ 1. Moreover, we augment 5 = (61,62) by the parameter 63, and 
re- write 

(6.1) <$>{x,6 1 ,6 2 ,j,Q = Z 3 $(x,6,<t,s 1 ,s 2 ), 

where now 6 := (61,62, 63) and 

^(x,6,a,si,s 2 ) := S1X1 + S2xlcu(6iXi) + axi(3(6\Xi) 

+6 3 s 2 x 2 + xlb (x, 6), 

and where (compare (5.5)) 

b (x, 6) := b(6xXi, 6 2 6 3 x 2 + 6 2 x™u(6 1 x 1 )). 

Notice that 

&o(z,0) =6(0,0) ^0. 

We denote accordingly the measure Uj by v$ (which indeed also depends on a ~ 1, 
but we shall suppress this dependency in order to defray the notation), i.e., 

5(0 := X! (^)xi (^)xi (|) / e~^^ ~a(x, 6) dx, 

where the amplitude a(x, 6) is a smooth function of x supported where x x ~ 1 and 
1^2 1 < 1, whose derivatives are uniformly bounded with respect to the parameters 6. 
Moreover, if T 5 A denotes the convolution operator 



T s <p := <p * v 



8 ■ 
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then we see that the estimate (5.51) can be re-written as 



(6-2) I! £ T t 



2<A<5.7 



<C5, 7 

14 14 — 
11 — * 3 



We shall need to understand the precise behavior of ^ (£)• To this end, consider the 
integration with respect to x 2 in the corresponding integral. Depending on the signs of 
s 2 and bo, there may be a critical point, or not. If there is no critical point, then we may 

integrate by parts in x 2 , which leads again to favorable estimates ||^||oo = 0(\~ N ). 

We shall thus assume that the relative signs are so that there is a critical point re- 
writing x 2 = S 3 s 2 y 2 , and applying the implicit function theorem to y 2 , we find that 

(6.3) x 2 = 5 3 s 2 Y 2 (5 1 x 1 , 5, s 2 ), 

where Y 2 is smooth and of size \Y 2 \ ~ 1. Notice also that F 2 (0,0,s 2 ) = —1/(26(0,0)) 
when 6 = 0. Let us put 

^(x 1 ,8,a,s 1 ,s 2 ) := $(x 1 ,x 2 ,a,s 1 ,s 2 ) 

(6.4) = s 1 x 1 + s 2 x\uj(8iXi) + ax 7 l/3(5 1 x 1 ) + 5 3 s 2 x 2 + (x 2 ) 2 b (x 1 , x 2 , 5). 
Let us first consider the case where 5 = 0. Then 

\&(xi, 0, a, si, s 2 ) := s±xi + s 2 x\uo(0) + crx™/3(0), 

and depending again on the signs of s 2 u(0) and /3(0), the first derivative ty' (with respect 
to x\) may have a critical point, or not. If not, \1/ will at most have non-degenerate 
critical points, and this case can be treated again by the method of stationary phase, 
respectively integrations by parts. We shall therefore concentrate on the case where 
does have a critical point x\, which will then be given explicitly by 

2a; (0) 

iy/?(o) 

Let us assume that s 2 > (the case where it is negative can be treated similarly). By 
scaling in xi, we may and shall assume for simplicity that 

(6.5) - , = 1 (and s 2 ~ 1). 

n[n — l)cxp(O) 

i 

Then xl(0,a,s 2 ) = s 2 ~ 2 , and \^"'{x\, 0, cr, si, s 2 )\ ~ 1. Thus, the implicit func- 
tion theorem shows that for 5 sufficiently small, there is a unique critical point x\ = 
xl(5, a, s 2 ) of ^' depending smoothly on S, o and s 2 , i.e., 

(6.6) ^"(x c 1 (5,a,s 2 ),5,a,s 1 ,s 2 ) = 0. 
Let us write s := (s\, s 2 ). 

Lemma 6.1. The phase \I/ given by (6.4) can be developed locally around the critical 
point x\ of in the form 

^{xl(5, a, s 2 ) + j/i, 5, a, si, s 2 ) = B (s, 5, a) - Bi(s, 5, a)y x + B 3 (s 2 , 5, a, yi)yf, 



x\ = xl(0, a, s 2 ) := ( - - s 2 
V n(n — 1 krp 



i 

n — 2 
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where Bq,Bi and B 3 are smooth functions, and where \B 3 (s 2 ,5,a,yi)\ ~ 1, and indeed 

71 — 3 

B 3 (s 2 ,S,a,0) = sr~ 2 G i (s 2 ,5,a), 

where 

G A (s 2 ,0,a) = n{n - 1 l {n - 2) o-m- 

Moreover, we may write 

1 

xl(S,a,s 2 ) = s 2 n - 2 G 1 {s 2 ,5,a), 

1 71 

B Q (s, 5, a) = siSiT 2 Gi(s 2 ,<5,0-) - s^~ 2 G 2 (s 2 ,5,a), 

n-l 

Bx(s,8,a) = -si + s^ 2 G 3 {s 2 ,5,a), 
where 

( G X {s 2 ,U,<j) =1, 

(6.8) I G 2 ( S2 ,0,a) = ^pa/3(0), 

[ G 3 (s 2 ,0,a) =n(n-2)(T0(O). 

Notice that all the numbers in (6.8) are non-zero, since we assume n > 5. 

Proof. The first statements in (6.7), (6.8) are obvious. Next, by (6.4) and (6.3) we 
have 

1 

B (s,5, a) = $?(xl(5,a, s 2 ),8,a, si,s 2 ) = sxs^ 2 Gi(s 2 , 8, a) 

+ s 2 - 2 [Gi(s 2} 5, af^xl) + aG 1 {s 2 , 5, a) n l3{5 1 x c 1 ) + 

n — 4 \ 

+ <fe~ 2 (K 2 (W, 5, s 2 ) + Y 2 {5 x xli 5, srfboixl, 5))j , 

where x\ is given by the first identity in (6.7). In combination with (6.5), we thus 
obtain the second identity in (6.7) and the third in (6.8), because s 2 ~ 1. 
Similarly, 

-B x (s,b,o) = ^'(xl(6,a,s 2 ),5,a,s 1 ,S2) 

= si + 2s 2 x c 1 u(5 1 x c 1 ) + nafaD^pfaxl) + 0(\5\), 

which in view of (6.5) easily implies the last identities in (6.7) and (6.8). Finally, when 
yi = 0, then 

6B 3 (s 2 , 5, ex, 0) = V m (xt(5, a, s 2 ), 5, a, s u s 2 ) = n(n - l)(n - 2)a/3(0)(^)^ 3 + 0(|5|), 
which shows that |i?3(s 2 , 5, a, y±)\ ~ 1 for \yi\ sufficiently small. Q.E.D. 

Applying the method of stationary phase with parameters to the x 2 - integration and 
Lemma 6.1, and ignoring the region away from the critical point x\, which leads to 
better estimates by means of integrations by parts, we find that we may assume that 
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5(0 = \^xi(y)H^)Hv e ^' M 

,„ _ N /" -«&( B 3 (s 2 ,'5,<T,s/i)s/j i -Bi(s,5,(7)yi ) . . 

(6.9) /e V y a{y 1 ,d,a,s,^3)xo{yi)dy 1 , 

where a(x±, 5, a, s, £3) is smooth and a symbol of order with respect to £3, uniformly 
in X\,5,a,s. Moreover, xo is a smooth cut-off function supported in sufficiently small 
neighborhood of the origin. 

We shall here make use of the following, more or less classical lemma (compare for 
instance Lemma 1 in [18] , or [8] for related results) in the case of Airy type integrals, 
i.e., when B = 3. The case of general B > 3 will become relevant in [15]. Since 
we need somewhat more refined results than what can be found in the literature, for 
instance information of the asymptotic behavior also under certain perturbations, we 
shall sketch a proof. 

Lemma 6.2. Let B > 3 be an integer, and let 

J(X,u,s) := J e iX ^ tB - ut -^f=- h ^ a(t,s)dt, A > 1, 

where a, b and the bj are smooth, real-valued functions on an open neighborhood of 
I x K, where I is a compact neighborhood of the origin in M and K is a compact subset 
of~R m . Assume also that b(t, s) 7^ on I x K, that \t\ < e on the support of a, and that 
M ~ 1- We also assume that 

\b 3 (u)\ < C\u\, j = 2,..., S-1. 

If e > is chosen sufficiently small and A sufficiently large, then the following hold 
true: 

(a) If\( B ~ i y B \u\ < 1, then 

J(A, u, s) = A~^ g(A~s~u, A, s), 

where g(v,X,s) is a smooth function of (v,X,s) whose derivates of any order 
are uniformly bounded on its natural domain. 

(b) // A^ _1 ^ b |m| ^> 1, let us assume first that u and b have the same sign, and 
that B is odd. Then 

J(A, u, s) 

= \-?\ u \-&3i (a+(\u\^,s) e ^H^ q+ (\u\^,s) + a _(| u | B b j s ) ^M^MM 1 ^,-) j 

+ (\\u\)- 1 E(\\u\^,\u\^,X,s), 

where a±,g± are smooth functions, and where E is smooth and satisfies esti- 
mates 

\8%dPd]E(ti,v,\,s)\ < C N , aAl \v\-P\ii\- N , N,a,0,je N. 
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Moreover, when \u\ is sufficiently small, then 

Q±{v,s) = =Fsgn6(0, s)|6(0, s)\^p(v,s), 

where p is smooth and p(0,s) — (B — 1) ■ i? - - 6 /^ -1 ). 

Finally, if u and b have opposite signs, then the same formula remains valid, 
even with a + = 0, a_ = 0. And, if B is even, we do have a similar result, but 
without the presence of the term containing a_. 

Proof. In the case (a), scaling in t by the factor A -1 / 5 allows to re- write 

J(\,u,s) = A"* J eW-^^-AV.t-sf-iA^M")*'),,^^)^ 

Choose a smooth cut-off function xo on ^ which is identically one on [—1,1], and 
M 1, and decompose 

J(A, u, s) = GqIX^u, A, s) + (^(A^m, A, s), 

where, for \v\ < 1, 

Notice that for j > 2, 

lA^&^A^)! < CA^A^M < A -1 . 

It is then easy to see that G is a smooth function of A, s) whose derivates of any 
order are uniformly bounded on its natural domain, and the same can easily be verified 
for Goo by means of iterated integrations by parts. This proves (a). 

In order to prove (b), consider first the case where \u\ > e. If $ = denotes the 
complete phase in the oscillatory integral defining J(X,u, s), recalling that \t\ < e, we 
easily see that 

|$'(t)| > CX\u\, 

provided we choose e' and e sufficiently small. Integrations by parts then show that 
we can represent J(A, u, s) by the third term (A|m|) _1 .E7(A|w|'b = t, jwl 5111 , A, s). 

Let us therefore assume that \u\ < e. We shall also assume that u > 0; the case u < 
can be treated in a similar way. Here, we scale t by the factor u 1 / 5-1 , and re- write 

J(X,u,s)=u^ J e ^ A «^*.-Jt--t-Ef^ 1 «-^M«)*') a ( u ^i t)S ) (ft . 

Again, we decompose this as 

J(X,u,s) = J (X,u^,s) + Joo(A,m^,s), 
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where, with v := u 13 - 1 , 

Jo(\v,s) := v J e^^^ 

•UW) := v J e^ 6 ^^^^ 
Observe that 

lu-^-^fo^u 5 - 1 )! < Cv*- 1 < e^, j = 2, ... ,B - 1. 

Assume that e is sufficiently small. If I? is odd, then, in the first integral Jo, the phase 
has exactly two non-degenerate critical points t±(v,s) ~ ±1, if b > 0, and thus the 
method of stationary phase shows that 

J (A, v, s) = v(\v B )-^a+(v, s)e iXvBq+ ^ s) +v{\v B )^a_{v, s)e lXvBq -^ s) +vE l {Xv B , v, A, s), 

where a± are smooth functions, and where E\ is smooth and rapidly decaying with 
respect to the first variable. If b < 0, then there are no critical points, and we get the 
term E\ only. Moreover, 

<?±0, s) = b(vt±(v, s), s)t±(v, s) B - t±(v, s) + 0{v). 

Note that if v = 0, then t±{0, s) = ±(56(0, s))- 1 ^^, so that 

/ s B ~ 1 

g±(o, s) = =f — s— — — — ¥= °> 

which proves the statement about q±. A similar discussion applies when B is even. In 
this case, there is only the one critical point, namely t+(v, s). 

In the second integral Joo, we may apply integrations by parts in order to re- write 
it as 

Joo(W) :=v(Xv B )- N J e^^^-^^^^^-^ajtit^X^dt, iVeM, 

where aw is supported where \t\ > M and \a,N(t,v,\,s)\ < Cjv|t|~ 2Ar . Similarly, if we 
take derivatives with respect to s, we produce additional powers of t in the integrand, 
which, however, can be compensated by integrations by parts. Analogous considera- 
tions apply to derivatives with respect to v (where we produce negative powers of v), 
and with respect to Xv 3 . Altogether, we find that 

Joo(A, v, s) = ^J B _ 1 E 2 (Xv B , v, A, s), 

where E 2 is smooth and 

\d^d^E 2 (/i,v, X,s)\ < C N ^\v\-"\fi\- N , N,a,f3n e K 

Summing up all terms, and putting E := E\ + E 2 , we obtain the statements in (b). 
Q.E.D. 
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The following remark can be verified easily by the well-known versions of the method 
of stationary phase for oscillatory integrals whose amplitude depends also on the pa- 
rameter A as symbols of order (see, e.g., [20]). 

Remark 6.3. We may even allow in Lemma 6.2 that the function a(t, s) also depends 
on A, i.e., a = a(t, s, A), in such a way that it is a symbol of order in A, uniformly in 
the other parameters, i.e., 

i(| : r(|) /3i (^) /32 ^, s ,A)i<L7 a , /3 (i + A)- a 

for all a, flx, 02 G N. Then the same conclusions hold, only with a± and E depending 
also additionally on A as symbols of order in a uniform way. 

Let us apply this lemma and the remark to the oscillatory integral (6.9), with B = 3. 
Putting u := Bi(s,5,a), in view of this lemma we shall decompose the frequency 
support of Vg furthermore into the domain where X 2 ^ 3 \Bi(s, 5,a)\ < 1 (this is essentially 
a conic region in £-space, which will be called the "region near the Airy cone", where 
the Airy cone is given by Bi = 0, i.e., 



n-l 



si = s 2 2 G 3 (s 2 ,5,a) 

), and the remaining domain into the conic regions where (2~'A) 2 ' 3 |.Bi(s, 5, o~)\ ~ 1, 
for Mq < 2 l < where Mo, Mi G N are sufficiently large. To this end, we choose 
smooth cut-off functions Xo an d Xi such that Xo has sufficiently small support and 
Xo = 1 on a neighborhood of the origin, and Xiif) is supported where \t\ ~ 1 and 
Szez Xi(2 -2 ^ 3 ) = 1 on R \ {0}, and define the functions v\ Ai and Vg X by 

^(0 := xo(a 2/3 im s ,MK(0, 

^(0 := X i((2-'A) 2 / 3 i?i( S ,5,a))5(0, M <2'<A 

so that 

(6-10) tf = *iu+ E 

Denote by T$ Ai and the convolution operators 

6.1. Estimation of Tg Ai . We first consider the region near the Airy cone and prove 
the following 

Lemma 6.4. There are constants Ci,C 2 so that 
(6.H) Halloo < CkA-S, 

(6-12) Halloo < C 2 \l 

uniformly in s and a, provided A is sufficiently large and 5 sufficiently small. 
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Notice that by interpolation (again with 9 = 3/7) these estimates imply that 

\\T s x A i\\ i4/n^i4/3 < (A _ t)f(Al)f = A^, 

so that 

(6-13) ^ W T S,Ai II 14/U-+H/3 ^ ^3 7 > 

2<A<<5~ 6 

which is exactly the estimate that we need (cf. (6.2)). 

Let us turn to the proof of Lemma 6.4. The first estimate (6.11) is immediate from 
(6.9) and Lemma 6.2. 

In order to prove the second estimate, observe first that by Lemma 6.2 (a) and the 
subsequent remark, we may write 

,, 2 /3 n , . w f -^3(B 3 {s2,S,a,y 1 )y'f~B 1 {s,5,a)y 1 ) 

Xo{\ 1 Bi{s,6,o)) e V ^ a(y 1 ,d,a,s,^)xo{yi)dy 1 

= |e 3 r l Xo(A 2/3 J Bi( S ,5, ( x))^(|e3r /3 | J Bi(s, ( 5,a)U3,5,cT, S ), 

where g is a smooth function whose derivates of any order are uniformly bounded on 
its natural domain. 

Applying the Fourier inversion formula to v$ Ai , (6.9) and this identity yield that 

"bu(*) = jj le3r^_ V2 (Oxo(A 2 / 3 5 1 (,,5,a)) X i(^)xi(^)xi(|) e«~ 

e -itsB (s M g (\^ Bl (s, 5, *),&, 5, a, s) df. 
We change coordinates from £ = (£1,^2, £3) to Si, s 2 and s 3 := £3/% i.e., 

£1 = si£ 3 = Asis 3 , £ 2 = As 2 £ 3 = As 2 s 3 , £ 3 = As 3 , 
and write in the sequel 

s := (s 1 ,s 2 ,s 3 ) s' := (s 1 ,s 2 ). 
Observing also that the functions 

a x {s) := A5or_ 1/2 (AsiS 3 , As 2 s 3 , As 3 ) 

form a family of smooth functions whose C^-norms on the domain where Sj ~ 1, j = 
1, 2, 3, are uniformly bounded in A (and 5, a), and which, as functions of A, are symbols 
of order 0, uniformly with respect to s, 5, a. 
We then find that 

\ 1 \ x 13 f ~ iAs3 ( B o(s',S,a)-s 1 x 1 -s 2 x 2 -x 3 I ,,0/0,-, / , r xx 

"tufa) = Xlf J e V /Xo(A 2/3 5 1 ( S , ,5, ( t)) 
(6.14) cr A (s) g (\ 2/3 Bi(s', 5, a), A, S, a, sjx(s) dsids 2 ds 3 , 
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where 

X( s ) '■= Xi(siS 3 )xi(s2S 3 )xi(s 3 ) 
localizes to are region where Sj ~ 1, j — 1,2,3. The function g appearing here may 
not coincide with the one in previous formulas, but has similar properties. 

Observe first that when |x| 3> 1, then we easily obtain by means of integrations by 
parts that 

(6.15) Ws, Ai (x)\ < C N \- N , JVeN, if \x\ > 1. 

Indeed, when \xi\ ^> 1, then we integrate by parts repeatedly in si to see this, and a 
similar argument applies when \x%\ ^> 1, where we use the S2-integration. Observe that 
in each step, we gain a factor A -1 , and lose at most A 2//3 . Finally, when \xi \ + \x 2 \ < 1 
and \x 3 \ ^> 1, then we can integrate by parts in s 3 in order to establish this estimate. 

We may therefore assume now that \x\ < 1. 

We then perform yet another change of coordinates, passing from s' = (si,s 2 ) to 
(z, s 2 ), where 

z :— A 2/3 5x(s', 8, a). 

Applying (6.7), we find that 

2 n—1 

so that 

n—1 g 

(6.16) si = s^ 2 G 3 {s 2 ,5,a) - \-~zz. 
In combination with (6.7), we thus obtain that 

2 1 n 

(6.17) B {s,6,a) = -\~*z s^ 2 G 1 (s 2 ,5,a) + s^ 2 {GiG 3 - G 2 ){s 2 ,5,a). 
We may thus re-write 

u* Ai (x) = A§ J ' e -**»*(*MiM g( z ,\,5,a,s^G 3 (s 2 ,5,a)-\-h,s 2 ,s 3 

(6.18) (a x x)ys 2 ' 2G 3(s2,S,cr) - X~^z,s 2 J Xo(z) dzds 2 ds 3 , 
where 

$(z,s 2 ,xi,5,a) := s£- 2 (GiG 3 - G 2 )(s 2 ,5,a) - S2' 2 G 3 (s 2 ,5,a)x 1 - s 2 x 2 - x 3 

(6.19) +\-h(xi-sf*G 1 (s 2 ,6,<T)). 
Observe that by (6.7), when 5 = 0, 

(6.20) {G X G 3 - G 2 )(s 2 , 6, a) = 2^^/3(0) ^ , G 3 (s 2 , 6, a) = n(n - 2)<r/3(0) + 0, 

since we assume that n > 5, and that the exponents n/(n — 2), (n — l)/(n — 2) and 
1 of s 2 which appear in $ (regarding the last term in (6.19) as an error term) are all 
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different. Moreover, recall that \x\ < 1. It is then easily seen that this implies that, 
when 5 = 0, 

3 

22 \di 2 ^(z,s 2 ,x 1 ,5,a) \ ~ 1 for every s 2 ~ 1, 
j'=i 

uniformly in z and a. The same type of estimates then remains valid for 5 sufficiently 
small. We may thus apply the van der Corput type Lemma 2.2 to the s 2 - integration 
in (6.18), which in combination with Fubini's theorem yields 

hence (6.12). This concludes the proof of Lemma 6.4. 

6.2. Estimation of T 5 A ; . We next regard the region away from the Airy cone and prove 
the following 

Lemma 6.5. There are constants Ci,C 2 so that 
(6.21) H^glU < d2-5A-i, 

(6-22) Halloa < C 2 \*, 

uniformly in s and a, provided A is sufficiently large and 5 sufficiently small. 
Notice that by interpolation (again with 9 = 3/7) these estimates imply that 

,i m \n ^ , ' , 5.4., 7. 3 21 , 1 

||7#,||i4/ii-n4/3 < (2-sA-6)t(A6)t = 2~3TA^, 

so that 

(6-23) E H T M J lli4/ii-,i4/3<5 3 ^ ) 

which is again exactly the estimate that we need in order to verify (6.2), and so the 
proof of Lemma 6.5 will also conclude the proof of Proposition 5.3. 

Let us turn to the proof of Lemma 6.5. Applying Lemma 6.2 (b) to the integration 
with respect to y\ in (6.9), and observing that here \u\ = \Bi(s 2 , 8, a, yi)\ ~ (2 -/ A)~ 2 / 3 , 
we obtain that 

IK,||oo<CA-h-^(2-'A)-i) _l , 

which yields the first estimate (6.21). 

In order to prove the second estimate in the lemma, we apply Lemma 6.2 (b) and 
the subsequent remark to 



^3[B 3 (s 2 ,5,a,y 1 )yf-B 1 (s,5,a)y 1 

e v / a(yi, 8,a, s,f 3 )Xo(2/i) dy x 

Since we assume that \~ 2 / 3 \B 1 (s 2 ,5,o-,yi)\ ~ 2 2 '/ 3 ^> 1, this allows to express this 
integral as a sum of at most three terms, and we shall concentrate on one of the first 
two terms appearing in Lemma 6.2 (b), since the remaining term leads to even more 
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favorable estimates. So, abusing notation slightly, let us assume for simplicity that the 
integral is given just by the first term, which leads to 



i& I B 3 (s2,8,cr,y 1 )yf-B 1 (s,8,a)y 1 

e V / 5, cr, s) Xo{yi) ay! 

= |e 3 |^| J Bir^ + (| J B 1 |i S ,5, ( r)e-^ll i3l l i '' + (l Sl l"^, 
where B\ = Bi(s, 5, a), and where a+, q + are smooth, and where 

(6.24) q + (v, s,8,a) = -\B 3 (s 2 ,5,a,0)\hgnB 3 (s 2 ,5,cr,0)p(v, s,5,a), 

where p is smooth and p(0, s, 5, a) = 2 • 3~ 3 / 2 . 

Indeed, a + will also depend on £ 3 as a symbol of order 0, but we shall suppress this 
dependence (which has no consequences for the arguments to follow) in the sequel in 
order to defray the notation. 

Observe also that by Lemma 6.1, when 5 = 0, then 

n — 3 

(6.25) q + (v, s, 5, a) = c sl (n ~ 2) p(v, s, 5, a) ^ 

if \v\ is sufficiently small, where cq ^ is a constant. 

Applying the Fourier inversion formula to Ug t (cf. (6.9)), we thus find that 

= / les|-^_ 1/a (0xi((2- i A)is 1 ) Xx (^) Xi ) Xi (§) e-^o(,M e *. 

where again £>i = Bi(s,8, a). Changing as before coordinates from £ = (£1,^2, £3) to 
si,s 2 and s 3 := f 3 /A, i.e., 

£1 = si£ 3 = Asis 3 , £ 2 = As 2 £ 3 = As 2 s 3 , £ 3 = As 3 , 

we obtain, with a\ and x essentially as before, that 

\, s / , . ;, N 2„, -iAs 3 ( Bo(s / ,<5,o-)+|Bi|2 g (|S 1 |^,s',5,(j)-sia;i-S2a;2-X3 

W) = A / (T A (s) Xi((2 A) 3 Si) e V 

|Bi|~*a+(|.Bi|3,s',<5,<7-)x(s) ds. 

Observe that we can apply the same arguments that we used in the previous sub- 
section in order to show that when \x\ 3> 1, then |^^(a;)| < CVA _Ar for every JVgN. 
Again, we may thus assume in the sequel that \x\ < 1. 

We perform yet another change of coordinates, from s' = (si,S2) to (z,S2), where 
now 

z ■= (2~ l \)%Bi(s',5,a). 
Here, we find that (compare (6.16)) 



(6.26) Sl = s^ 2 G 3 {s 2 , 6, a) - (2~ l X)-^z, 



46 I. A. IKROMOV AND D. MULLER 

and in particular 

(6.27) B (s, 5, a) = -(2^)-^ s^G^, 5, a) + s^ 2 (G 1 G 3 - G 2 )(s 2 , 5, a). 
We may thus re-write 

u^(x) = 2*\* y e - iAs3<I>; ^ S2 ' a; ' 5 ' ,T) a + ((2-'A)-^2|is,(5,cr) 

(6.28) (^xx)[s^ 2 G 3 (s 2 ,5,a) - \ sz,s 2 ) ds 2 \z\ *Xi{z) dz , 
where here 



$i (z, s 2 , x, 5, a) := s 2 2 (GxGz - G 2 ) (s 2 , 5, a) - s 2 2 G 3 (s 2 ,5, a)x 1 - s 2 x 2 - x 3 
(6.29) + {2- l \)-lz{x 1 -st*G x (s 2 A<rj) 

+ (2- l \)- 1 \z\*q + ((2-'A)-3 \z\ 2 , sr 2 G 3 (s 2 , 5, a) - p-'A)"**, s 2 , 5, a) . 
Now, observe that 

1 < M x < 2~*A, 2 ; = A(2- i A)- 1 < A(2^A)-i = 

if we choose Mi sufficiently large, and that \z\ ~ f , \s 2 \ ~ 1 in the integral (6.29), 
whereas \x\\ < f. 

In order to control the integral in z, we therefore split the domain of integration for 

2 _J_ 

s 2 in (6.28) into the region where A(2^A)~s \x x - s^~ 2 Gi(s 2 , S, cr) | > C2 l , where C > 1 
is a sufficiently large constant, and its complement. Notice that each of these regions 
consists of at most four intervals. 

On the first S2-region, we integrate by parts in z twice. This allows to estimate the 
corresponding contribution to v$i{x) by a constant times 

f 2iAl 

/ — ds 2 

i J (XhT\ Xl - s ^G l (s 2 , 8,a)\y 

A32T {xi-s^ G 1 (s 2 ,S,<t)\>C2 1 , |s 2 |~l 

<25A5 / < 22A^2 (A 3 2~) = 2~~ A^, 

1 21 11/ 

A32T \v\>C2 l 

which is even better than needed. 

On the complementary s 2 intervals, the coefficient of z in (6.29) is controlled by 
the coefficient of |,?:| 3 / 2 . Thus, if there is no critical point with respect to z, we may 
integrate by parts once, and if there is a critical point, we may apply the method of 
stationary phase in z, by which we gain at least a factor 2~ 1 ^ 2 , and subsequently apply 
the van der Corput type Lemma 2.2 to the S2-integration in the same way as we did in 
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the preceding subsection, in order to see that the corresponding contributions to v$i(x) 
can be estimated by 

In combination, these estimates yield (6.22), which concludes the proof of Lemma 6.5. 

7. The case when hn n ((f)) > 2 : preparatory results 

Recall that h = h(4>) > 2 when h\ in > 2, and that we assume that the original coordi- 
nates x are linearly adapted, so that d = hn n > 2. Moreover, based on Varchenko's algo- 
rithm, we can locally find an adapted coordinate system yx = xi, y% = x 2 — i/j(xi) for the 
function <j> near the origin. In these coordinates, is given by 4> a (y) : = <f>(yi, y2 + i>(yi)) 
(cf. (1.8),(1.9)). 

Also recall that the vertices of the Newton polyhedron J\f(4> a ) of <p a are assumed 
to be the points (Ai,B{), I = 0, . . . ,n, so that the Newton polyhedron 7V(0 a ) is the 
convex hull of the set [J t {(Ai, B{) + Ml), where A-i < A\ for every I > 1. Moreover, 
Li := {(ti, ^2) £ M 2 : K [ti + K 2^2 = 1} denotes the line passing through the points 
(Ai_i,Bi_i) and (Ai,B{), and a t = k 1 2 / k\. The a; can be identified as the distinct 
leading exponents of all the roots of <p a in case that <p a is analytic (see Section 3 of 
[13]), and the cluster of roots whose leading exponent in their Puiseux series expansion 
is given by a\ is associated to the edge 7/ = -Bj-i), (Ai, B{)] of Af((f) a ). 

As before, following Subsection 8.2 of [13], we choose the integer lo > 1 such that 

a < ■■■ < a io _i < m < a lo < ■ ■ ■ < ai < a l+1 < ■ ■ ■ < a n . 

As has been shown in Section 3 of [13], the vertex (Ai -±, -B; _i) lies strictly above 
the bisectrix, i.e., A -i < ^0-1 > s i nce the original coordinates x were assumed to be 
non-adapted. 

Following in a slightly modified way the discussion in Section 3 of [13] we single out 
a particular edge by fixing the corresponding index l pr > l : 

Cases: 

(a) If the principal face of 4> a is a compact edge, we choose Z pr so that the edge 
7; pr = [(A pr -i, Ap r (Apr, A pr )] is the principal face 7r(0 a ) of the Newton 
polyhedron of (f) a . 

(b) If ix((f) a ) is the vertex (h,h), we choose l pT so that (h,h) = (Aj pr _i, S/ pr _i). 
Then(/i, h) is the right endpoint of the compact edge 7; pr -i- 

(c) If the principal face 7r(0 a ) is unbounded, i.e., a half- line given by t\ > A and 
t 2 — h :— B, with A < B, then we distinguish two sub-cases: 

(cl) If the point (A, B) is the right endpoint of a compact edge of J\f((j) a ), then 

we choose again Z pr so that this edge is given by 7z pr -i- 
(c2) Otherwise, (A, B) is the only vertex of A/"(0 a ), i.e., A/"(0 a ) = (A,B)+R%. 
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We also put 



(7.1) 



a : = 



ai pr in Case (a); 

a; pr _i in Case (b) and Case (cl); 

m in Case (c2). 



Following [13] and [14], in the cases (a) - (cl) we shall decompose the domain (4.1) 
in which p\ is supported into subdomains 



which correspond to the ^'-homogeneous domains Df : = {(2/1,2/2) : £ lVi l < 1 2/2 1 < 
Niyl 1 } i n our adapted coordinates y, and intermediate "transition" domains 



where I — Iq, ■ ■ ■ , l pi — 1 in Case (a), and I = Iq, . . . , Z pr — 2 in all other well as 

the "first" transition domain 



corresponding to the 2/-domains Ef := {(2/1,2/2) : Ni + iy" l+1 < I2/2I < £ /2/i ! }, respectively 

E t -i '■= {(yi>V2) ■ Ni y" l ° < I2/2I < SioVT}- Here ) tne £ i > are sma11 and tne ^ > 
are large parameters to be determined later. We remark that the domain i^ _i can be 
written like E\ with I = Iq — 1 if we replace, with some slight abuse of notation, a; _i 
by m and /fy -i by k. We shall make use of this unified way of describing E\ in the 
sequel. 

What will remain after removing these domains is a domain of the form 



as "generalized" transition domains. Notice that in the Case (c2) this domain will 
cover the domain in (4.1), since here a = m, so that the proof of Proposition 4.3 
will be complete once we shall have handled all these transitions domains in the next 
section. In a similar way, the discussion of Case (cl) will be complete once we have 
handled the domains Ei and Di. This will eventually reduce our problem to studying 
the domain D pr in the cases (a) and (b). 

8. Restriction estimates in the transition domains when h rm (4>) > 2 

Following a standard approach, we would like to study the contributions of the 
domains E\ by means of a decomposition of the corresponding 2/-domains Ef into 
dyadic rectangles. These rectangles correspond to a kind of "curved boxes" in the 



Df.= {( Xl ,x 2 ) -.etxl 1 < |x 2 -V^i)l < iV^}, l = l ,...,lpr -1 



Ei := {(x u x 2 ) : N l+1 x? +1 < |x 2 -^i)| < erf 1 }, 



Elo-i '■= {(^1,^2) : Nz £i° < \%2 -i>(xi)\ < Ei x™} 
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original coordinates x, so that we cannot achieve the localization to them by means 
of Littlewood-Paley decompositions in the variables X\ and x 2 . However, the following 
lemma shows that this localization can nevertheless be induced by means of Littlewood- 
Paley decompositions in the variables x\ and X3. 

We shall formulate this lemma for a general smooth, finite type function $ with 
$(0,0) = and V$(0,0) = in place of a , since it will by applied not only to 
cf) a . However, we shall keep the notation introduced for <p a , denoting for instance by 
(Ai, Bi), I = 0, . . . ,n the vertices of the Newton polyhedron of $, by k! the weight 
associated to the edge 7/ = -B/_i), (Ai,Bi)}, etc.. 

Lemma 8.1. Fori > l , let [(A_ x , B H ), (At, B t )] and [(Ai, B{), (A i+U B l+1 )) be two 
subsequent compact edges o/A/"($), with common vertex (A h B[), and associated weights 
k 1 and k 1+1 . Recall also that ai = k 1 2 /k[ < a i+ i = k 2 +1 /k\ +1 . F° r a given M > 0, and 
5 > sufficiently small, consider the domain 

E a : = {( yi ,y 2 ) :0< yi <6, 2 M yT +1 < \y 2 \ < 2~ M y^}. 

(a) There is a constant C > such that 

(8.1) $(y) = c AuBl y? l y* 1 (l + 0(5 C + 2' M )) on E\ 

where ca u Bi denotes the Taylor coefficient 0/ $ corresponding to (Ai,B{). More pre- 
cisely, 0>(y) = c AliBl yf l y Bl (l + g(y)), where \gW(y)\ < C P (5 C + 2~ M )\y^y-^\ for 
every multi-index (3 G N 2 . 

(b ) For M,j e N sufficiently large, the following conditions are equivalent: 

(i) y x - ( Vl ,y 2 ) G E a and 2 A '^+ B ^(y) - 1; 

(ii) y x - 2- j , y 2 - 2~ k and a t j + M<k< a l+1 j - M. 

Moreover, if we set 4>j.k(x) := 2 Ai:i+Blk ^(2^^Xi, 2~ k x 2 ), then under the previous con- 
ditions we have that <f>j^(x) = ca u BiXi 1 x 2 1 (l + 0(2^°^ + 2~ M )^j on the set where 
x\ ~ 1, \x 2 \ ~ 1, in the sense of the C°° - topology. 

The statements in (a) and (b) remains valid also in the case where I = l — 1. 

Proof. When $ is analytic, these results have essentially been proven in Section 8.3 of 
[13], at least implicitly. We shall here give an elementary proof which works also for 
smooth functions $. 

We begin with the case where I > Iq. Notice first that (b) is an immediate consequence 
of (a). In order to prove (a), let us denote by <3>jv the Taylor polynomial of degree N 
of $ centered at the origin. Since (<& — &n) (1/1,1/2) = 0(\y\\ N + l^l^), it is easily seen 
that yi Al y 2 Bl ($ — $n)(Ui, 2/2) = 0(2~ BlM ) on E a , provided N is sufficiently large and 
S small. It therefore suffices to prove (8.1) for $tv in place of 

=0 c ai,a 2 y'i 1 y2 2 1S t ne Taylor series of of $ centered at the origin, 
then we decompose the polynomial $n as <&jv = P + + P , where 

P + (yi,y 2 )--= Yl ^^vTvV, P-(yi,y 2 ):= £ ^vTvT- 
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Let (0:1,0:2) be one of the multi-indices appearing in P~, and assume it is different 
from (Ai,E>i). Let (1/1,2/2) £ E a , and assume, for notational convenience, that y 2 > 0. 
Since clearly A\,B\ > 0, we have 

Vl Hi _ ai-Ai q 2 -B| < oi-A, ^^V* 1 " 1 " 1 I " ' = 2( a 2"- B i) M y ai+ai+ia2 ~( Ai+a '+ lB ^ 

2/1 2/2 v y 

It is easy to see that Ai + ai+iBt = Aj+i + a/ + i£>;+i, so that 

Oil Ct2 

/o o\ ^1 ^2 ^ (a 2 --Bi) M ,, Q!1+ai + ia2_ ( j4! + 1+ai + 1 - B '+ 1 ) 

A, B ; - z yi 

2/1 2/2 

But, since 7^+1 is an edge of A/"($), we have that k' 1 +1 oi + k 2 +1 o 2 > 1, i.e., 01 + 
a i+ io 2 > («i +1 ) _1 , whereas Ai + i + ai + iB t+ i = (ft] 4 " 1 ) -1 . Thus, (8.2) implies that 
2/i" 1 ?/2 2 < 2( a2 -- Bi ) M 2/f i 2/ 2 B ', so that < 2~ M yf l y 2 l when o 2 < S,. And, when 

o 2 = A, then (oi,o 2 ) lies in the interior of A/"($), so that 01 + cfy + i0 2 — (A+i + 
ai + \Bi + i) > 0, hence y^y^ 2 < 5 C ' V\ l V 2 l for some positive constant C. 

The estimates of the derivatives of g{y) = $(2/) / ' CA u B{y\ l y 2 l ~ 1 follow in a very 
similar way. 

The terms in P + can be estimated analogously, making use here of the estimates 
2/2 < 2~ M y1 l and k\o£i + n l 2 a 2 > 1. This proves (a). 

Finally, if I = Iq, exactly the same arguments work, if we re-define a/ _i to be m and 
k^o-i to be k, since k 2 / K\ = m. Q.E.D. 

A similar result applies also to the generalized transition domains E\ 1 arising in 
the cases (cl) and (c2), provided we can factor the root 2/2 = to its given order, 
which applies in particular when $ is real-analytic (some easy examples show that it 
may be false otherwise). Recall that in these cases, the principal face of Af(<j) a ) is is an 
unbounded half-line with left endpoint (A,B). More generally, we have the following 
result: 

Lemma 8.2. Assume that (A,B) is a vertex o/jV($) such that the unbounded hor- 
izontal half-line with left endpoint (A,B) is a face of J\f(<&), and assume in addition 
that $ factors as $(2/1,2/2) = 2/^"^(2/i 5 2/2)5 with a smooth function T. Moreover, let 
L K := {(t u t 2 ) G M 2 : Mi + K 2 t 2 = 1} be a non-horizontal support line for JV($) (i.e., 
Ki > 0) passing through (A,B), and let a := K\j K\. We then put 

E a := {(2/1,2/2) :0<2/i< 6, \y 2 \ < 2~ M y a 1 }. 

(a) There is a constant C > such that 

(8.3) $(2/) = c A . B ytvi (l + 0(6° + 2~ M )) on E a , 

where ca,b denotes the Taylor coefficient of Q corresponding to (A,B). More precisely, 

$(2/) = CA,Byiyi(l + g(y)), where \g i/3) (y)\ < C P {5 C + 2- M )\y~^y 2 ^\ for every multi- 
index (3 G N 2 . 

(b) For M, j G N sufficiently large, the following conditions are equivalent: 
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(i) Vl - 2-\ ( yi ,y 2 ) G E a and 2 A i +Bk ${y) - 1; 

(ii) ?/i - y 2 - 2~ k and aj + M <k. 

Moreover, if we set </>j^(x) := 2 A ^ +Bk ^(2~^Xi, 2~ k x 2 \ then under the previous condi- 
tions we have that <pj t k{x) = ca,bX A x 2 (l + 0{2~ c ^ + 2 _A/ )j on the set where X\ ~ 
1, |ar 2 | ~ 1, in the sense of the C°° - topology. 

Proof. It suffices again to prove (a). 

By our assumption, $(yi,y 2 ) = y B T(y u y 2 ), so that ®(y)/y A y 2 = T(y)/y A . Approx- 
imating T by its Taylor polynomial of sufficiently high degree, we again see that we 
may reduce to the case where T, hence is a polynomial. Then let (ai,a 2 ) be any 
point different from (A, B) in its Taylor support. Since a 2 > B, assuming again that 
y 2 > 0, we see that 

Ml ^2 _ „.a 1 -A„.a 2 -B ^ .mi- A ( n-M „,a\ _ -(a 2 -B)M„ m+aa 2 -{A+aB) 

y A y B - Vl - Vl ^ Vl) - ^ Vl 

Moreover, clearly ot\ + aa 2 > A + aB, and a,\ + aa 2 > A + aB when a 2 = B. We can 
thus argue in a very similar way as in the proof of Lemma 8.1 to finish the proof. 

Q.E.D. 

Let us now fix I G {Zq — 1, . . . , Z pr — 1}, and consider the corresponding (generalized) 
transition domain Ei from Section 7, which can be written as 

Ei = {(xt,x 2 ) : Nx1 ,+1 < \x 2 - ${x x )\ < ex a x 1 }, 

where, with some slight abuse of notation, we have again re-defined a; _i := m, and 
put ai pr := oo in the cases (cl) and (c2), so that x^ lpr := 0, by definition. 

Following [13], we shall localize to the domain E\ by means of a cut-off function 

/ \ ( x 2 -^{xi) \ H ( X 2 -j)(x 1 ) \ 

7l(xi, x 2 ) : = xo ( £xT ) (1 " Xo) { Nx a l+1 ) , 

where xo G Co°(^) * s again supported in [—1, 1] and xo = 1 on [ — 1/2, 1/2] (actually, 
Xo may depend on I). In Case (c), when I = Z pr — 1 and ai pi = oo, the second factor 
has to be interpreted as 1, i.e., 

fx 2 -ip(x 1 )\ 

Recall that 4> is assumed to satisfy Condition (R). 

Proposition 8.3. Let I G {l — 1, . . . , l pr — 1}. Then, if e > is chosen sufficiently 
small and N > sufficiently large, 

( / \f\ 2 d^) 1/2 < Cg|/|| iP(R3) , / G S(R 3 ), 
J s 

whenever p' > p' c . 
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Proof. Consider partitions of unity J2jXj( s ) — 1 an d J2kXj,k( s ) = 1 on M \ {0} with 
X, X e C^{R) supported in [-2, -1/2] U [1/2, 2] respectively [-2 Bl , -2~ B i] U [2- Bl ,2% 
where Xj( s ) '■= x(2 j 's) and, for j fixed, Xj,k( s ) := x(2 iJ+B ' fe s), and let 

Xi,h{x u x 2 , x 3 ) := Xj{xi)XjA x 3) = x(^ j Xi)x(2 Alj+Blk x 3 ) , j, k G Z. 

Notice here that 5^ > B l+ i > 0. We next put fij^ '■— Xj,k^ Tl , and assume that \x has 
sufficiently small support near the origin. Then clearly fij^ = 0, unless j > jo, where 
jo > is a large number which we can still choose suitably later. But then, according 
to Lemma 8.1, we may assume in addition that 



(8.4) au + M <k< a l+1 j - M, 

where M is a large number. Indeed, we may choose N := 2 M and e := 2~ M , and then 

Lemma 8.1 (b) shows that fij ^ = for all pairs (j, k) not satisfying (8.4). Notice that 
this also implies that k > ko for some large number fc - Observe also that the measure 
fj,j 7 k is supported over a "curved box" given by X\ ~ 2~ J and \x 2 — 4>{x\)\ < 2~ fc . This 
shows that the localization that we have achieved by means of the cut-off function Xj,k 
is very similar to the localization that we could have imposed by means of the cut-off 

function x{^ ^ x i)x{^ k { x 2 — VK^i))- 

Then, applying again Littlewood-Paley theory, now in the variables x\ and x%, and 
interpolating with the trivial L 1 — > L°° estimate for the Fourier transform, we see that 
in order to prove Proposition 8.3, it suffices to prove uniform restriction estimates for 
the measures /i^ at the critical exponent, i.e., that 

(8.5) / \f\ 2 dfi jtk < C||/||£ Pc(B , 3) , when (j, k) satisfies (8.4) and j > j , 
Js 

provided M and jo are chosen sufficiently large. 

We introduce the normalized measures Vj^ given by 

(vj,k, f) ■= J f{%i, 2 m3 ~ k x 2 + xfu(2^x 1 ), (pj,k(xi,x 2 ))a jik (x) dx, 

where 



a jik (x)=ri[2^x 1 , 2- k x 2 + iP(2^x h 



Xo I 2V+"- k %- (1 - xo) 1 2^- M ~ k a " 



a ; I \ AUy 1 " a l+1 



x x(xi)x(4>j,k(xi,x 2 ) 
Here, according to Lemma 8.1, the functions <pj t k satisfy 

(J> J ,k(x 1 ,x 2 ) = cxi l x 2 Bl +0(2- M ) in C°° 

on domains where X\ ~ 1, \x 2 \ ~ 1, and the amplitude in the integral above is 
supported in such a domain. 
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Observe that 

(8.6) (ji jik , f) = 2->- k J f(2-*y 1} 2-™iy 2 , 2'^ +B ^y 3 ) du jik (y), 

which follows easily by means of a change to adapted coordinates in the integral defining 
the measure fij jk and scaling in x\ by the factor 2~i and in x 2 by the factor 2~ k . 
We observe that the measure Uj tk is supported on the surface given by 

S jtk := {(si, 2 mj ~ k x 2 + x™ou(2- j x 1 ), <j) j)k (x 1 ,x 2 )) : x x ~ 1 ~ x 2 }. 

which is a small perturbation of the limiting surface 

5*00 := {(xi, x™u(0), cx x l x 2 l ) : x 1 ~ 1 ~ x 2 }, 

since raj — k < ctij — k < — M because of (8.4). Notice also that \d(cxf l x 2 l )/dx 2 \ ~ 1, 
since B\ > 1. This show that and hence also Sj^ (for j and M suffciently large) 
is a smooth hypersurface with one non-vanishing principal curvature (with respect to 
Xx) of size ~ 1. This implies that 

1^(01 <C(1 + |£|)- 1/2 , 

uniformly in j and k. 

Moreover, the total variations of the measures Uj ik are uniformly bounded, i.e., 
sup ijfc \\v j>k \\i < oo. 

We may thus apply again Greenleaf's result [10] in order to prove that 



17) 



\f\ 2 du 3tk <C 



holds, whenever p' > 6, with a constant C which is independent of j, k. Since p' c > 
2d + 2 > 6, this holds in particular for p = p c . Re-scaling this estimate by means of 
(8.6), this implies 

i- k i ■ 1 (m+1+Al)j+Blk 



< C2 



2 



But, we can write k in the form k = 9a t j + (1 — 9)ai + ij + M with < 9 < 1 and 
\M\ < M. Then 



-J - k+ 



(m + 1 + Ai)j + Bik 



Pc 



-JO 



1 + ai 



m + 1 + Ai + aiBi 



P'c 



-j(l-d) 



1 + ai 



+i 



m + l + A l + ai +1 B[ 

Pc 



•1 + 2—1 }f. 

Pc 



Recall next that by the definition of the r-height and the critical exponent p' c , , we 
have p' c > 2(hi + 1) whenever I > l . And, (1.11) shows that 
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Moreover, we have seen in the proof of Lemma (8.1) that A[ + a\B\ = 1/k\, so that 

2(h l + l) = 2 m+1 + Al + aiBl . 

1 + CLl 

We thus find that 1 + a\ — 2(m + 1 + A\ + aiBi)/p' c > 0. Arguing in a similar way for 
I + 1 in place of /, by using that p' c > 2(h l+1 + 1) and A\ + a l+1 B l = I/k^ 1 we also see 
that 1 + a l+1 - 2{m + 1 + Ai + ai +l B{)/p' c > 0. 

Consequently, the exponent on the right-hand side of the estimate (8.8) is uniformly 
bounded from above, which verifies the claimed estimate (8.5). 

Assume next that I = Zo — 1- Observe that in this case, by following Varchenko's 
algorithm one observes that the left endpoint (Ai -i, -Bz -i) of the edge [(Aj _i, 
(Ai ,Bi )] of the Newton polyhedron of (f) a belongs also to the Newton polyhedron 
of cf) and lies on the principal line L = L K of A/"(</>), whose slope is the reciprocal of 
K2/ k>i = m. Thus, if we formally replace hi _i by d in the previous argument (compare 
also Remark 1.3 (a)), it is easily seen that the previous argument works in exactly the 
same way. 

What remains to be considered are the generalized transition domains E\ \ in 
the cases (cl) and (c2). Observe that in this case Condition (R) implies that $ := <p a 
satisfies the factorization hypothesis of Lemma 8.2. We may therefore argue in a similar 
way as before, by applying Lemma 8.2 in place of Lemma 8.1, and obtain the estimate 



-~ • U _l o (m+l+A)j + Bk 

m I \f\ 2 d^, k < C2^~ k+2 iS ||/||i Pc 



where here B = h is the height of 0, and where now we may only assume that 
(8.11) a t j + M<k 

Since, by the definition of the r-height, we have p' c > 2/i; pr _ 1 + 2 = 2B (compare (1.11)), 
we see that — 1 + |r < 0. We may thus estimate the exponent in (8.10) by 



- 3 - k + 2 {m+1 + A)j + Bk < -j 

P'c 



_ 2 m+l + A + aB 

Pc 



Pc J 



< 



a + 1 
'j — T~ 

Pc 



' , m + l + A + aB 

Pc~ 2 — j 

a + 1 



And, in the case (cl), arguing as before we see that 2(m + 1 + A + aB)/(a + 1) = 
2(V+l)<p c . 

Finally, in the case (c2), we have m = a. Moreover, the point (A,B) lies on the 
principal line L of Af (</>), so that k%A + K2B = 1, i.e., A + aB = 1/ ' K\. This shows that 

m + l + A + aB , 1 

2 — = 2(1 + — — = 2(1 + d) < V . 

a + 1 Hi + k 2 

We thus see that the uniform estimate (8.5) is valid also for the generalized transition 
domains. Q.E.D. 
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9. Restriction estimates in the domains D h I <l pi , when ftim(0) > 2 

We shall now consider the domains Di, I = l Q , . . . , l pr — 1, from Section 7, which 
are homogeneous in the adapted coordinates. Following again [13] we can localize to 
these domains by means of cut-off functions 

f v /x 2 -ip(xi)\ fx 2 -ip(x 1 )\ 
Pi(x h x 2 ) :=Xo[ — j^ir l ) -Xo[ ), l = k,...,l w - 1, 

where xo is as i n the previous section. Recall that such domains do appear only in the 
cases (a), (b) and (cl). 

Proposition 9.1. Let h\ in (<f)) > 5, and assume that I < l pr . Then, if e > is chosen 
sufficiently small and N > sufficiently large, 

\f\ 2 d^) 1/2 < C p \\f\\ LPiR3) , /G5(M 3 ), 
s J 

whenever p' > p' c . 

Proof. Similarly to the proof of Proposition 4.1, we denote by {5 r } r> o the dilations 
associated to the weight k 1 , i.e., S r y := (r Kl yi, r K ^y 2 \ where by y we again denote our 
adapted coordinates. Recall that the ^'-principal part <p a Kl of (f) a is homogeneous of 
degree one with respect to these dilations, and that we are interested in a k 1 - homoge- 
neous domain of the form Df = {(yi, y 2 ) '■ < y\ < 6, ey°^ <\y 2 \< Nx^ 1 } with respect 
to the ^/-coordinates, where 5 > can still be chosen as small as we please. 

We shall prove that, given any real number Co with e < Cq < N, there is some 
e' > such that the desired restriction estimate holds true on the domain -D(c ) in 
^-coordinates corresponding to the homogeneous domain 

D a (co) := {(y h y 2 ) : < y x < 6, \y 2 - coy?\ < e'yl 1 } 

in y-coordinates. Since we can cover the closure of Df by a finite number of such 
narrow domains, this will imply Proposition 9.1. 

We can localize to a domain like D(cq) by means of a cut-off function 

(x 2 - ip(xi) - Coxl l \ 
p {co) (x 1 ,x 2 ) := Xo[ ^ )■ 

Let us again fix a suitable smooth cut-off function % > on R 2 supported in an 
annulus A := {x G M 2 : 1/2 < \y\ < R} such that the functions xt := X ° $2 k form 
a partition of unity. In the original coordinates x, these correspond to the functions 
Xk{x) '■= xt(. x ii x 2 ~ ^(^i))- We then decompose the measure /i P(c o) dyadically as 

(9.i) ^ ) = j2h, 

k>ko 

where /i^ := /i XfcP ( c o). Notice that by choosing the support of 7] sufficiently small, we 
can choose ko G N as large as we need. It is also important to observe that this 
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decomposition can essentially we achieved by means of a dyadic decomposition with 
respect to the variable x±, which again allows to apply Littlewood-Paley theory! 

Moreover, changing to adapted coordinates in the integral defining \i k and scaling 
by S 2 -k we find that 



/) = 2-^1 J f(2-< h x u 2-^ k x 2 + 2' m < k xTco(2-< k Xl ),2- k M^) 

r)(5 2 -kx)x(x) Xo ( ; ai 1 ) dx, 

where 

(9.2) <f> h (x) := 2 k <p a (5 2 -kx) = <f) a K i(x) + error terms of order 0{2~ Sk ) 

with respect to the C°° topology (and 5 > 0). 

We consider the corresponding normalized measure Vk given by 

H, /) := I f{xi, 2^-^ k x 2 + x?u{2-^ k Xl ), cj> k (x))fi{x)dx, 



with amplitude fj(x) := i](5 2 -kx)x{x)xo {(x 2 — c o x i l )/( £,x i'] 

Observe that the support of the integrand is contained in the thin neighborhood 

U{v) :=An{(x u x 2 ) : \x 2 -Cqx1 1 \ < 2e'x a l 1 } 

of v = v(c ) := (1, c ), and that the measure v k is supported on the hypersurface 

S k ■= {gk{xi,x 2 ) := ( Xl , 2^ m <~ K ^ k x 2 + x?u(2-< k x 1 ), fc (x 1? x 2 )) : {x x ,x 2 ) G U{v)}, 

which, for k sufficiently large, is a small perturbation of the limiting variety 

Soo := {g 0O {x 1 ,x 2 ) := (xi, uj(0)x™ ,(f>li(x)) : (xi,x 2 ) G U(v)}, 

since mK\ — K l 2 < cij/q — k 2 = and since <fr k tends to because of (9.2). The 
corresponding limiting measure will be denoted by v^. 

By Littlewood-Paley theory (applied to the variable Xi) and interpolation, in order 
to prove the desired restriction estimates for the measure /z P(c o), it suffices again to 
prove uniform restriction estimates for the measures fj, k , i.e., 



(9.3) ( / m 2 d/i fc ) 1/2 <C 



with a constant C not depending on k > k . We shall obtain these by first proving 
restriction estimates for the measures Vk- 

Indeed, we shall prove that for e' sufficiently small, the estimate 



(9.4) ( \f\ 2 du k ) <C 



, 1/2 

|2 - x 
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holds true, with a constant C which does not depend on k. Then, after re-scaling, 
estimate (9.4) implies the following estimate for /x*. : 



1/2 iJ 4( 1 +")+ 1 

(9.5) ( / \f\*d» k ) <C2~ [ 



But, by (1.11) (resp. (8.9))we have that 

\k 1 \ 4(l + m) + l \k 1 \ / 2(hi + l) 



2 p' c 2 V p' c 

where, by definition, p' c > 2(hi + 1). This shows that the exponent on the right-hand 
side of (9.5) is less or equal to zero, which verifies (9.3). 

We turn to the proof of (9.4). Recall that v = (1, Co). Depending on the behavior of 
near v, we shall distinguish between three cases. 

1. Case. d2(p a K i{v) ^ 0. This assumption implies that we may use 1/2 '■— 0" ; (xi, X2) 
in place of X2 as a new coordinate for Soo (which thus is a hypersurface, too), and then 
also for Ski in place of X2, provided e' is chosen small enough and k sufficiently large. 
Since X\ ~ 1 on U(v), this then shows that S k is a hypersurface with one non- vanishing 
principal curvature. Therefore we can again apply Greenleaf 's restriction theorem from 
[10] and obtain that for p' > 6 and k sufficiently large the estimate 

m 2 ^) 1/2 <c p ii/ii iP 

holds true, with a constant C p which does not depend on k. This applies in particular 
to p — p c , which gives (9.4). 

2. Case. d2<fi a K i{v) = 0. Then v = (l,co) is a real root of <920" ; , of multiplicity 
B — 1 > 1, so that a Taylor expansion with respect to X2 around cq and homogeneity 
show that 

d2(f}"i{xi, x 2 ) = (x 2 - c xl l ) B ~ 1 Q(xi,X2), 

where Q is a ^'-homogenous smooth function in U(v) such that Q(v) 7^ 0. Integrating 
in x 2 , and making again use of the /t'-homogeneity of 0",, we find that 

(9.6) ^2) = (X2 - cox a l l ) B x 2 3l Q(xi 1 X2) + cixj /ftl , 

where Q is a /t'-homogenous smooth function such that Q(1,Cq) ^ and Q(1,0) 7^ 
(recall that c 7^ 0). Here, C\ G R could possibly be zero (iff V(j) a i{v) = 0). 
We claim that 

(9.7) B < d/2, 

where again d = d(<p). Indeed, observe first that the vertex (Ai, B{) lies above or on 
the bi-sectrix, so that 1 = k[Ai + n l 2 Bi < (k\ + n l 2 )Bi = Bi/di, where di := ^(0^) 
denotes the homogenous distance of But, since a\ > m, so that the edge ji is less 
steep than the line L (which intersects the bi-sectrix at (d,d)), we have d\ > d, hence 
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Bi > d. Note that for the same reason, 1/k 2 > 1//4- Because <p a K i is k 1 - homogeneous 
of degree 1, by (9.6) we thus have 



which implies that 



1 > (B{ + B)k 1 2 > ((2+5)4, 
1 



B < \ - d< 

4 «2 «1 + ^2 



d d 
— < - 
m 2 



^(0:=XiQJ^(0, 

where Xi is a smooth bump function supported where |£| ~ 1. We claim that the mea- 
sures v£ satisfy the following estimates, uniformly in k > k , provided ko is sufficiently 
large and e' sufficiently small: 



Let us localize to frequencies of size A > 1 by putting 



(9.8) 
(9.9) 
Indeed, 



'k lloo 



k lloo 



< C\-^ B ; 



^(0 



1X1+&1 2< mK l- K 2 



fj{x) dx, 



which, in the limit as k — > oo, simplifies as 



^(0 



^+6"C)»r+6^(*)]^ a .) da .. 



Now, if |6| > c|(6,6)l, then an application of van der Corput's lemma to the inte- 
gration in x 2 yields |z/*,(0l ^ \^\~ 1/B (cf. (9.6)), and if |6[< 1(6,6)1, we may apply 
van der Corput's lemma to the xi-integration and obtain |z^(£)l ^ 1(6,6)1 2 - Since 
B > 2, and because van der Corput's estimates are stable under small perturbations, 
we thus obtain (9.8). 

In order to verify (9.9), observe that 

v^(x 1 ,x 2 ,x 3 ) = X 3 J xl{\{xi - yi),\(x 2 - u(0)y™),\(x 3 - ^(2/1, 2/2)) fj(y) dy x dy 2 , 
hence 

\v^(xi,x 2 ,x 3 )\ < \ 3 J p{\x x - \y x )p{\x 3 - \(j) a K i{y l} y 2 )) \rj\{y u y 2 ) dy x dy 2 , 

where p and 771 are suitable, non-negative Schwartz functions, and 771 localizes again to 
U(v). However, since \d 2 4>^i(yi,y 2 ))\ — 1 on the domain of integration, classical sublevel 
estimates, originating in work by van der Corput [5] (see also [1], and [4], [9]), essen- 
tially would imply that the integral with respect to y 2 can be estimates by 0(X^ 1 ^ B ), 
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uniformly in y\ and A (at least, if p had compact support). To be more precise, we can 
argue as follows: By means of Fourier inversion, re-write 

J p(Xxt - \yi) p(Xx 3 - A<% (yx, y 2 )) \ fj\ {y%, y 2 ) dy ± dy 2 , 

= J p(Ax 1 -Ay 1 )p( S )e is(A ^- A ^ (i ' 1 ^ )) |r7|( Z/1 , 2/2 )^ 2C / S ^ 1 , 
and then apply again van der Corput's estimate to the ^-integration. This yields 
J p(Xxi-Xy 1 )p(\x 3 -X(j) a K i(y h y 2 ))\fj\(y 1 ,y2)dyidy2 , 

< J p{Xxi - Xyt) \p{s)\(l + A|s|)~ 1/B \fj\(y 1 ,y 2 ) dy 2 dsdy 1 , 

which is easily estimated by CA _1_1 / B , so that we obtain \v£ (xi,X2,Xs)\ < CX 2 ^ 1 ^. 
Observing that our argument is again stable under small perturbations, we thus obtain 

(9.9) . 

Interpolating the estimates (9.8) and (9.9), it is again easily seen that we can sum 
the corresponding estimates over dyadic A's and obtain the L p -L 2 restriction estimate 

( J \f?dv k ) 1/2 <C p \\f\\ LP 

whenever p' > 4B, uniformly in k, for k sufficiently large. 

The restriction estimates above are valid in particular for p' = p' c , since, by (9.7), 
B < d/2, so that p' c > 2d + 2 > AB. We have thus again verified (9.4). Q.E.D. 

In combination with Proposition 8.3, we immediately obtain 

Corollary 9.2. The restriction estimate in Proposition 4-3 holds true in the Case (c), 
i.e., when the principal face of the Newton polyhedron of <p a is unbounded. 

Remark 9.3. When h\ in > 5, then Case 2 where d 2 4> a K i{v) = and di<p a Kl (v) ^ could 
be handled alternatively by means of Drury's Fourier restriction theorem for curves 
with non-vanishing torsion (cf. Theorem 2 in [7]). This approach will allow to treat 
the analogous case also for the remaining domain D pv , provided h\\ n > 5, since it does 
not require the condition B < d/2, which may not hold true in D pT , 

Indeed, if <9i0"j(t>) ^ 0, then c\ ^ in (9.6). Moreover, 

(9.10) 2 < m < a t = k\/k\ < 1/k[, 

since n[Ai_i + k 1 2 Bi_i = 1 with > h > 1, so that K l 2 < 1. Observe next that 
F : (xi,c) i — y (xi,cx1 l ) provides local smooth coordinates near v = (l,co), since the 
Jacobian Jp of F at the point (1, Co) is given by Jp(l, Co) = 1. We may therefore fibre 
the variety into the family of curves 

7c(si) := QociFixt, c) = (x!,u;(0):r™ ^(F^c)), ceV(c ), 
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where V(cq) is a sufficiently small neighborhood of cq, provided e' is chosen sufficiently 

small. But, (9.10) implies that the curve 7 C0 (xi) = (xi,u(Q)xT',cix 1 1 ) has non- 
vanishing torsion near v\, since v i 7^ 0, and so the same is true for the curves 7 C when 
c is sufficiently close to c . 

If we fibre in a similar way the surface Sk into the family of curves 

7c Oi) := 9k(F(x l7 c), c G K(c ), 

then for k sufficiently large and V(cq) sufficiently small, these curves will have non- 
vanishing torsion uniformly bounded from above and below, and the measure Uk will 
decompose into the direct integral 

("k, f) = // f(l k c (xi))fi(x ll c)dx 1 dc= \ \ fdT c dc, 

J J Jv(co)JW(vi) 

where fj is a smooth function with compact support in W(v±) x V(cq) and W(v\) 
a sufficiently small neighborhood of V\, where dT c is a measure which has a smooth 
density with respect to the arclength measure on the curve 7*. 

We may thus apply Drury's Fourier restriction theorem for curves with non- vanishing 
torsion (cf. Theorem 2 in [7]) to the measures dT c and obtain that 

( f \f\ 2 dT c y <C p \\f\\ LPm , 

provided p' > 7 and 2 < p'/Q, i.e., if p 1 > 12. The constant C p will then be indepen- 
dent of c provided the neighborhoods V(cq) and W(vi) are sufficiently small and k is 
sufficiently large. But, if hn n > 5, then we do have p' c > 2(/i liri + 1) > 12, so that we 
do obtain estimate (9.4) also in this way. 

10. Restriction estimates in the domain D pv when h hn ((p) > 5 



What remains to be studied is the piece of the surface S corresponding to the domain 
.Dpr, in the cases (a) and (b). In this domain, the upper bound B < d/2 for the 
multiplicity B of real roots will in general no longer be true, not even the weaker 
condition B < h r (4>)/2, which would still suffice for the previous argument, as the 
following example shows. 

Example 10.1. 

4>(xi,x 2 ) := (x 2 — x\ — xl)(x 2 — x\ — xf) 3 . 

Here, pr (a^i, £2) = (^2 — s i) 4 , the multiplicity of the root x\ satisfies 4 > d(<f>) = 8/3, 
so that the coordinates (xi,x 2 ) are not adapted to (p. Adapted coordinates are given 
by Ui '■= x i> 2/2 := x 2 — and in these coordinates 4> is given by 

4> a (vi,y2) = (y 2 - Vi)(y2 - vtf- 

Af(<f) a ) has three vertices {A ,B ) := (0,4), {A U B X ) := (3,3) and {A 2 ,B 2 ) := (0,15), 
with corresponding edges 71 := [(0,4), (3,3)] and 72 := [(3,3), (0, 15)], and associated 
weights k 1 := (1/12,1/4) and n 2 := (1/15,4/15). Moreover, one easily computes by 
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means of (1.11) that hi = 11/4 and h 2 = 13/5. We thus see that h r ((j)) — hi — 11/4. 
The multiplicity of the root yf associated to the first edge 71 lying above the bi-sectrix 
is 1 < (8/3)/2 and thus satisfies the condition (9.7), whereas the root yf of multiplicity 
5 = 3 associated to the edge 72 below the bi-sectrix does not even satisfy B < h r (<j)), 
since 3 > 11/4. 

The study of the domain D pr will therefore require finer decompositions into further 
transition and homogeneous domains (with respect to further weights). These will be 
devised by means of an iteration scheme, resembling somewhat Varchenko's algorithm 
for the construction of adapted coordinates. Note that the latter algorithm also shows 
that the principal root jet ^ is actually a polynomial 

(10.1) tp(x lj x 2 ) = cx? + --- + c pv x a 1 
of degree a = a; pr in the cases (a) and (b) (cf. [12]). 

10.1. First step of the algorithm. Let us begin with Case (a), where D pr = 
{(xi,X2) : < x\ < 5, \x 2 — < Nxi}, with a possibly large constant N > 0. We 

then put -D(i) := D pr , (fP^ := (fi a , ip^ := ip and := a, := K lpi , so that Dm can 
be re-written as 

D(i) = {(x!,x 2 ) :0< Xl <6, |x 2 -^ (1) (xi)| < Nx^}. 

As in the discussion of the domains D/ in the previous section, we can cover the 
domain D(i) by finitely many narrow domains of the form 

D ( i)(c ) := {(x 1 ,x 2 ) : < x 1 < 5, \x 2 - ip(xi) - c x" (1) | < ex^}, 

where e > can be chosen as small as we need, and where < Co < N. Fix any of 
these domains, and put again v := (l,c ). 

We distinguish between the cases where 82(f) ^(v) 7^ (Case 1), d 2 4> (i)(v) = and 
d\(f > (!)(?;) 7^ (Case 2), and the case where (^(f) = (Case 3). 

Now, in Case 1, we can argue as in the corresponding case in Section 9, since our 
arguments in that case did not make use of the condition I > l pr . 

In Case 2, the argument given in Section 9 may fail, since it made use of the estimate 
B < d/2, which here no longer may hold true. However, as explained in Remark 9.3, 
if h\ia > 5, we may use the alternative argument based on Drury's restriction estimate 
for curves in this case. 

If Case 3 does not appear for any choice of Co, then we stop our algorithm and are 
done. 

Otherwise, assume Case 3 applies to c , so that root of (1) , say of 

multiplicity M\ > 2. In this case, we define new coordinates y by putting 

(10.2) 2/1 := aci and y 2 := x 2 - ijjWfa), 
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where 

^ (2) (xi) := ip(xi) + c xl w . 

We denote by x = S( 2 )(y) the corresponding change of coordinates, which in general is 
a fractional shear only, since the exponent am = a may be non- integer (but rational). 
In these coordinates (2/1,2/2), 4> is given by 0^ 2 * ) := o s(2), and the domain Dm(co) 
becomes the domain 

£>3) :={(j/i,J/ 2 ):0< 2/l <5, |2/ 2 |<^ (1) }, 

which is still k^ 1 ) homogeneous. 

Let us see to which extent the Newton polyhedra of 0^ and (p^ will differ. 

Claim 1. The Newton polyhedra of 4>^ and 0( 2 ) agree in the region above the bi- 
sectrix. In particular, the line A(' m ) intersects the boundary of the augmented Newton 
polyhedron W r (0 (1) ) = M r {<p a ) at the same point as the augmented Newton polyhedron 
A/ v (0 ( - 2 - ) ) of (p( 2 \ so that we can use the modified "adapted" coordinates (10.2) in place 
of our earlier adapted coordinates to compute the r-height of 0. 

To see this, observe that <f>( 2 \xx, x 2 ) = 4^\ x ii x 2+coXi W ), where the exponent a(i) is 
just the reciprocal of the slope of the line containing the principal face of = <p a . This 
implies that the edges oiJ\f((p^) and Af((f>^) which lie strictly above the bi-sectrix and 
do not intersect it are the same (compare corresponding discussions in [12]). Moreover, 
if 7(i) = [(A [0) ,B (0) ),(A {1) ,B {1) )] = [(A Ipr _i,Bj pr _i), (Apr, ApJ] is the principal face of 
JV(0 (1) ), then it is easy to see that the principal face of M{4>^ > ) is given by the edge 
7(i) := [(A(o),B {0) ),(A' {1) ,B' {1) )}, where 

(10.3) A' {1) := A(i) + a (1) (S (1) - Mi), B' {1) = M 1} 

(write ^ in the normal form (1.10) and use that root of of multiplicity 

Mi of (1)). Observe also that Mi < h, because a is in adapted coordinates. We thus 
see that the right endpoint of 7^ still lies on or below the bi-sectrix. This proves the 
claim. 

Observe that our considerations show that it suffices to study the contributions of 
narrow domains of the form 

(10.4) D' {1) = {(a*, x 2 ) : < x x < 5, \x 2 - V (2) (^i)l < ^i' 1 '} 

in place of D(i) (these actually depend on the choice or real root of 2n - this corre- 
sponds to a "fine splitting" of roots of 0, in the case where is analytic). 

Case A. A/"(0 < - 2 - ) ) C {(£1,^2) : h > B',^. = Mi}. In this case, we again stop our 
algorithm. 

Case B. A/"(0 (2) ) contains a point below the line where t 2 = B'^ = M x . 
Then A/"(0^) will contain a further compact edge 

7(2) = [(A , (1) ,Sf 1) ),(A (2) , J B (2) )], 
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so that (A'^yBLs) is a vertex at which the edges 7^ and 7(2) meet. Determine the 
weight by requiring that 7(2) lies on the line 

(2) (2) _ 1 

f2"l (2) 

and put 0(2) := «2 /«i • Then clearly a(i) < a(2). 

Next, we decompose the domain DLs into the domains 

E {1) := {{x u x 2 ) : < x x < 5, Nx\ (2) < \x 2 - V> (2) (^i)l < 

and 

£>(2) := {(x u x 2 ) : < < 5, |z 2 - ^ (2) (^i)l < iVa^ 2 '}, 
where iV > will be a sufficiently large constant. 

The contributions by the transition domain can be estimated in exactly the 
same way as we did for the domains E\ in Section 8. Indeed, notice that our arguments 
for the domains E\ did apply to any / > l as long as Bi > 1, so that this statement is 
immediate when cq = 0, where the coordinates y in (10.2) do agree with our original 
adapted coordinates. When c 7^ 0, there are two minor twists in the arguments needed: 
firstly, observe that Lemma 8.1 remains valid for $ = (p^ and the domain 

E^ := {{y u y 2 ) : < Vl < 5, 2 M yT < M < 2~ V} 

corresponding to the domain E^ in the coordinates (10.2) when e = 2~ M and N = 
2 M . The fact that a (2) may be non-integer, but rational, say at 2 ) = p/q, with p,q e 
N, requires minor changes of the proof only: just consider the Taylor expansion of 
the smooth function Q(yf,y 2 ). Secondly, if we define in analogy with hi in (1.11) the 
corresponding quantity associated to the edges 7^ and 7(2) of J\f((f>( 2 >) by 

1 , (1) (1) 1 , (2) (2) 

1 + mn\ — k\' it. 1 + m/ n K \ 

(1) := — JxTj — (i) — = ^ (2) := Wj — (2) — ' 



2 



then Claim 1 shows that max{/i(i), /i( 2 )} < h r (<f)), which replaces the condition 
max{/i ; , < h r ((f>) that was needed in the proof of Proposition 8.3. 



10.2. Further steps of the algorithm. We are thus left with the domains Dp), 
which formally look exactly like Dr 2 ), only with ip^ 1 ' replaced by ip^ and am replaced 
by 0(2)- This allows to iterate this first step of the algorithm which led from Dm to 
Dp), producing in this way nested sequences of domains 

D pT = D {1) D D {2) D---D D {1) D D [l+1) D • • • , 

of the form 

D {1) := {(x h x 2 ) : < x x < 5, \x 2 - ^ l) ( Xl )\ < Nx° m }, 
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where the functions ip^ are of the form 

1-1 

with real coefficients Cj, and where the exponents am form a strictly increasing sequence 

a = a (1 ) < 0(2) < ■ ■ ■ am < < • • 

of rational numbers. 

Moreover, each of the domains Dm will be covered by a finite number of domains 
DLs of the form 

(10.5) D' {1) ={(x u x 2 ) :0<x 1 < 5,\x 2 - ^ l+1 \ Xl )\ < ex^}, 

where e > can be chosen as small as we please. These in return will decompose as 

(10-6) D'm = EmUD (l+1) , 

where Em is a transition domain of the form 

E {1) := {(xi,x 2 ) : < x x < 5, Nx^ < \x 2 - ?/> (m) (xi)| < ex^} 

Putting 

<p [l \x u x 2 ) := (p(x 1 ,x 2 + ^ (l \x 1 )), 

one finds that the Newton polyhedron J\f((f)( l+1 ^) agrees with that one of <p a = in 
the region above the bi-sectrix, and it will have subsequent "edges" 

7(i) = [(A^B^^A'^B^)),^ = [(A'^B^KA'^B^)),..., 

1(1) = [( A '(l-l)^ B '(l-l))i ( A '(l)i B '(l))]il(l+l) = [(A'm,B'm), (A(i +1 ),B( l+1 ))}, 

crossing or lying below the bi-sectrix, at least (possibly more). In fact, it is possible 
that some of these "edges" degenerate and become a single point (we then shall still 
speak of an edge, with a slight abuse of notation). The edge with index / will lie on a 
line 

L {1) :={(ti,t 2 )eR 2 :«f ) t 1 + A4 *2 = l}, 
where am = K 2 / k{ . Moreover, q_iX° (0 is any real root of the k®- homogeneous 
polynomial 0^), of multiplicity M; > 2. Notice that when is real-analytic, then 
this just means that ip^ is a leading term of a root of belonging to the cluster of 
roots defined by ip (in the sense of [16]). Our algorithm thus follows any possible "fine 
splitting" of the roots belonging to this cluster, and the domains Dm etc. depend on 
the branches of these roots that we chose along the way. 

By our construction, we see that Mi = B'^, which shows that the sequence of 
multiplicities is decreasing, i.e., 

(10.7) Mi > M 2 > ■ ■ ■ > Mi > Mi+i > ■ ■ ■ . 

Observe also that the transition domains E^ can be handled by the same reasoning 
that we had applied to Em. 
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When will our algorithm stop? Clearly, this will happen at step I when (fyj {l) has no 
real root, so that only Case 1 and Case 2 will arize at this step. In that case, we do 
obtain the desired Fourier restriction estimate for the piece of surface corresponding 
to -D(z), just by the same reasoning that we applied in Section 9. Otherwise, we shall 
also stop our algorithm in step I when 

(10.8) A/"(0 (m) ) C h) : t 2 > B' (l) = M t }. 

In this situation, the domain which still needs to be understood is the domain D',n 
given by (10.5). 

Notice that in this case, Condition (R) implies that there is a function ~ 
such that cf) factors as 

(10.9) <p(x 1 ,x 2 ) = (x 2 -^ (m) (x 1 )) A/; 0(x 1 ,x 2 ), 

where is fractionally smooth. This means that Lemma 8.2 (respectively its imme- 
diate extension to fractionally smooth functions) applies to the function ^(y 1 ,y 2 ) := 
0(2/i ? 2/2 + i> (2/1))) an d since the domain D',^ can a be regarded as a generalized 
transition domain, like the domains Ei 1 that appeared when the principal face of 
<p a was an unbounded horizontal face, we can argue in the same way as we did for the 
domains Ei pi _i in Section 8 to derive the required restriction estimates for the piece of 
S corresponding to D 1 ^. 

There is finally the possibility that our algorithm does not terminate. In this case, 
(10.7) shows that the sequence of integers M\ will eventually become constant. We 
then choose L minimal so that M; = Ml for all I > L. Note that, by our construction, 
M L > 2. For every / > L + 1, the point (A, B) := (A {L) , B (L) ) = (A L ,M L ) will be a 
vertex of Af((j>^) which is contained in the line L^ l \ whose slope l/om tends to zero as 
/ — > 00, and J\f((fi^) is contained in the half-plane bounded by from below. 

Notice also that there is a fixed rational number 1/q, with q integer, such that every 
am is a multiple of 1/q. This can be proven in the same way as the corresponding 
statement in [13] on p. 240. 

We can thus apply a classical theorem of E. Borel in a similar way as [12] in order 
to show that there is a smooth function h of x\ whose Taylor series expansion is given 
by the formal series 

00 

h(xi) ~ ip{x\) + y^Cj-ixf^. 
i=i 

If we put ip(°°\xx) := h(x l i q ) and set (j)^°°\yi, y 2 ) := 4>{yi,y2 — tp^Kyi)), it is then 
easily seen that a straight-forward adaption of the proof Theorem 5.1 in [12] to show 
that A/'(0 < - oo - ) ) C {(ti,t 2 ) : h > B}. Therefore, Condition (R) in Theorem 1.7 implies 
that, possibly after adding a flat function to we may assume that <p factors as 

4>(xi,x 2 ) = (x 2 — -ip^ (xi)) B (f)(xi, x 2 ), which means that the analogue of (10.9) holds 
true. We can thus argue as before to complete also this case, hence also the discussion 
of the Case (a) where the principal face of J\f((f> a ) is a compact edge. 
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Finally, in Case (b) where the principal face of M{<p a ) is a vertex, we have that 
-Dpr = {(^1,^2) : 1^2 — ip { x i)\ — ex \}i which corresponds to the domain DL>. in the 
discussion of Case (a). This means that we can just drop the initial step of the algorithm 
described before, and from then on may proceed as in Case (a). 

We have thus established the desired restriction estimates for the piece of the surface 
S corresponding to the remaining domain D pT , which completes the proof of Theorem 
1.7 in the case where h\ in (cj)) > 5. 

What remains open at this stage is the proof of Proposition 4-3 in the case where 2 < 
h\in{4>) < 5. The discussion of this case requires substantially more refined techniques 
and will be the content of [15]. 

11. Necessary Conditions, and proof of Proposition 1.9 

We now turn to the proof of Theorem 1.8. We shall prove the following, more general 
result (notice that we are making no assumption on adaptedness of here): 

Proposition 11.1. Assume that the coordinates x = (xi,x 2 ) are linearly adapted to 
<j), and that the restriction estimate (1.1) holds true in a neighborhood of x° = 0, where 
p(x°) 7^ 0. Consider any fractional shear, say on H + , given by 

Vi ■= xi, y 2 := x 2 - f(xt), 

where f is real-valued and fractionally smooth, but not flat. Let <p^(y) = <f>(yi, 2/2+/ (z/i)) 
be the function expressing <fi in the coordinates y = (yi,y 2 )- Then necessarily 

(11.1) p' > 2h f ((f>) + 2. 

Theorem 1.8 will follow by choosing for / the principal root jet ■0. 

Proof. The proof will be based on suitable Knapp-type arguments. 

Let us use the same notation for the Newton polyhedron of <jy as we did for <p a 
in Section 1, i.e., the vertices of the Newton polyhedron jV(^*) will be denoted by 
(Ai, Bi), I = 0, ... ,n, where we assume that they are ordered so that A1-1 < Ai, I = 
1, ... ,71, with associated compact edges given by the intervals 7; := [(A-i, -Bz-i), (Ai, B{)], 
I = 1, ... ,71, contained in the L\ and associated with the weights k . The unbounded 
horizontal edge with left endpoint (A n , B n ) will be denoted by 7 n +i- For I = n + 1, we 
have := 0, n^ +l = 1/B n . Again, we put a\ := k 1 2 /k[, and a n+ \ := 00. 

Because of (1.12), we have to prove the following estimates: 

(11.2) p'>2d f + 2; 

(11.3) p' > 2h{ + 2 for every I such that a\ > m . 
where, according to (1.13), 
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Let first 7/ be any non-horizontal edge of M{$) with a>i > mo, and consider the 
region 

D a £ := {y £ M 2 : \ Vl \ < e<, \y 2 \ < e K *}, e > 0, 
in the coordinates y. In the original coordinates x, it corresponds to 

D E := {x £ M 2 : \x x \ < e^, \x 2 - f( Xl )\ < e"»}. 
Assume that e is sufficiently small. Since 

<j>f(e^ yi ,e^y 2 ) = e(<f ) { l (y u y 2 ) + 0{e% 

for some 5 > 0, where 0^ denotes the ^-principal part of 4>f , we have that \4>f{y)\ < Cs 
for every y £ Di 1 , i.e. 

(11.4) \4>(x)\ < Ce for every x £ D e . 

Moreover, for x £ _D e , because < |xi| m ° and m < a; = k 1 2 /k[, we have 

1^2 1 < ^ + 1/(^1)1 < £ 4 + £ m °^ < £ m ° Kil - 

We may thus assume that D £ is contained in the box where \xi\ < 2e (c ' 1 , ja^l < 2e m ° K i. 
Choose a Schwartz function such that 

&( Xl ,x 2 ,x 3 ) = Xo ^) Xo (-^) Xo (g), 

where xo is again a smooth cut-off function supported in [—2, 2] identically 1 on [—1, 1]. 
Then by (11.4) we see that ^(a?i, x 2 , <j>(xi, x 2 )) > 1 on D e , hence, if p(Q) 7^ 0, then 



where C\ > is a positive constant. Since ||y e ||p — £(( 1 + m °) K i+ 1 )/V ) we find that the 
restriction estimate (1.1) can only hold if 

The case I = n + 1, where 7; is the horizontal edge, so that hj = B n — 1, requires a 
minor modification of this argument. Observe that, by Taylor expansion, in this case 
<fr* can be written as 

Bn-i 

(11.5) <t> f (yi,V2) = y 2 n Kyi,y 2 ) + dgAvi), 

j=0 

where the functions gj are flat and h is fractionally smooth and continuous at the 
origin. Choose 5 > 0, and define here 

D a £ :={yeR 2 :\ yi \<e 5 ,\y2\<e^}, e > 0. 



as 



I. A. IKROMOV AND D. MULLER 



Then (11.5) shows that again \<f)f(y)\ < Ce for every y 6 D®, so that (11.4) holds true 
again. Moreover, for x G D e , we now find that 

N <e^ + |/(xi)| <e^+s mo5 <e m ° 5 
for 5 sufficiently small. Choosing 



<Pe(xi,x 2l x 3 ) = Xo(^)xo(^)xo 



CeJ' 



arguing as before we find that here (1.1) implies that 

(l + mo)5 + l 
p > 2 ; for every o > 0, 

hence p' > 25 n = 2hf n i + 2. This finishes the proof of (11.3). 

Notice finally that the argument for the non-horizontal edges still works if we replace 
the line Li by the line Z/ and the weight k, 1 by the weight k* associated with that line. 
Since here mo^f = this leads to the condition (11.2). Q.E.D. 

Proposition 11.1 also allows to give a short, but admittedly indirect proof of Propo- 
sition 1.9, which will make use of Theorem 1.4, too. 

Proof of Proposition 1.9. Recall that we assume that the original coordinates (21,22) 
are linearly adapted to 0. 

In oder to prove (a), assume furthermore that the coordinates (21,22) are n °f 
adapted to 0, and let /(21) be any non-flat fractionally smooth, real function f(xi), 
with corresponding fractional shear, say in H + . We have to show that 

(11.6) h f ((j>) < h r (<P). 

We begin with the special case where is analytic, then Theorem 1.4 shows that 
the restriction estimate (1.1) holds true for p = p c , where p' c = 2h r (<f)) + 2. Moreover, 
choosing p so that p(x°) 7^ 0, then Proposition 11.1 implies that p' > 2W{<f>) + 2. 
Combining these estimates we obtain (11.6). 

The case of a general smooth, finite type (f) can be reduced to the previous case. To 
this end, denote by <pN the Taylor polynomial of degree N centered at the origin. It is 
not difficult to show that if iV is sufficiently large, then 

h r ((f>) = h r ((j) N ) and h f ((j) N ) = h f ((j)). 

Since (11.6) holds true for 0jv, we thus see that it holds true also for 0. 

In order to prove (b), we assume that the coordinates (21, 2 2 ) are adapted to 0, so 
that d(0) = h(4>). We have to prove that 

(11.7) ^(0) = rf(0). 

Let us first observe that Theorem 1.1 and Proposition 11.1 imply, in a similar way as 
in the proof of (a), that 2h{4>) + 2>2h f (0) + 2, hence d(<f>) > h f (0). We thus see that 

h r (<f>) < rf(0). 
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On the other hand, when the principal face 7r(0) is compact, then we can choose a 
support line 

L = {(ti,t 2 ) G M 2 : Kiti + K 2 *2 = 1} 
to the Newton polyhedron of containing 7r(0) and such that < k% < k 2 . We then 
put f(x\) := x™° , where m := k 2 /^i- Then d((p) = + k 2 ) — d? < h^((p) < h r (4>), 

and we obtain (11.7). 

Assume finally that vr(0) is an unbounded horizontal half-line, with left endpoint 
(A, B), where A < B. We then choose f n (xi) := x™, n G N. Then it is easy to see 
that for n sufficiently large, the line JJ n will pass through the point (A, B), and thus 
limn._j.oo h-f™ ((f)) = B = d(4>). Therefore, h r (cj)) > d(4>), which shows that (11.7) is valid 
also in this case. Q.E.D. 
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